
A SingleDir ectrix Quasi-Minimal Model
for Paper-Lik eSurfaces

Mathieu Perriollat Adrien Bartoli

LASMEA - CNRS/ UBP ¦ Clermont-Ferrand,France
Mathieu.Perriollat@lasmea.univ-bpclermont.fr, Adrien.Bartoli@gmail.com

http://comsee.univ-bpclermont.fr

Abstract

We are interestedin reconstructingpaper-like objectsfrom images. These
objectsaremodeledby developablesurfacesandaremathematicallywell-
understood.They aredif�cult to minimally parameterizesincethe number
of meaningfulparametersis intrinsicallydependenton theactualsurface.

We proposea quasi-minimalmodelwhich self-adaptsits setof param-
etersto the actual surface. More precisly, a varying numberof rules is
usedjointly with smoothnessconstraintsto benda �at mesh,generatingthe
sought-aftersurface.

Weproposeanalgorithmfor �tting thismodelto multipleimagesby min-
imizing thepoint-basedreprojectionerror. Experimentalresultsarereported,
showing thatourmodel�ts realimagesaccurately.

1 Intr oduction

Thebehaviour of therealworld dependson numerousphysicalphenomena.This makes
general-purposecomputervision a tricky taskandmotivatestheneedfor prior modelsof
theobservedstructures,e.g. [1, 4, 8, 10]. For instance,a3D morphablefacemodelmakes
it possibleto recover cameraposefrom asinglefaceimage[1].

Thispaperfocusesonpaper-likesurfaces.Moreprecisly, weconsiderpaperasanun-
stretchablesurfacewith everywherevanishingGaussiancurvature.This holdsif smooth
deformationsonly occurs. This is mathematicallymodeledby developablesurfaces,a
subsetof ruledsurfaces.Broadlyspeaking,therearetwo modelingapproaches.The�rst
oneis to describea continoussurfaceby partialdifferentialequations,parametricor im-
plicit functions. The secondoneis to describea meshrepresentingthe surfacewith as
few parametersaspossible. The numberof parametersmust thusadaptsto the actual
surface.We follow thesecondapproachsincewe targetat computationallycheap�tting
algorithmsfor ourmodel.

One of the propertiesof paper-like surfacesis inextensibility. This is a nonlinear
constraintwhich is not obviousto apply to meshes,asFigure1 illustrates.For instance,
Salzmannetal. [10] useconstantlengthedgesto generatetrainingmeshesfrom whicha
generatingbasisis learntusingPrincipalComponentAnalysis.Thenonlinearconstraints
arere-injectedasapenaltyin theeventual�tting costfunction.Themaindrawbackof this
approachis thatthemodeldoesnotguaranteethatthegeneratedsurfaceis developable.
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Figure1: Inextensibility andapproximation:A onedimensionalexample.Thecurve C
representsaninextensibleobject,A andB aretwo pointslying onit. Linearlyapproximat-
ing thearc(AB) leadsto thesegmentAB. WhenC bowes,althoughthearc length(AB)
remainsconstant,thelengthof thesegmentABchanges.A constantlengthedgemodelis
thusnotavalid parameterizationfor inextensiblesurfaces.

We proposea modelgeneratinga 3D meshsatisfyingthe above mentionedproper-
ties, namelyinextensibility andvanishingGaussiancurvatureat any point of the mesh.
Themodelis basedon bendinga �at surfacearoundrulestogetherwith aninterpolation
processleadingto a smoothsurfacemesh.We only assumea convex objectshape.The
numberof parametersliesverycloseto theminimalone.Thismodelis suitablefor image
�tting applicationsandwe describean algorithmto recover the deformationsandrigid
poseof apaper-likeobjectfrom multipleviews.

Previouswork. Theconceptof developablesurfacesisusuallychosenasthebasicmod-
eling tool. Most work usesa continuousrepresentationof thesurface [3, 4, 7, 9]. They
are thusnot well adaptedfor fast image�tting, except [4] which initializes the model
parameterswith a discretesystemof rules.[11] constructsdevelopablesurfacesby parti-
tioningasurfaceandcurvingeachpiecealongageneralizedconede�ned by its apex and
a cross-sectionspline. This parameterizationis limited to piecewise generalizedcones.
[6] simulatesbendingandcreasingof virtual paperby applyingexternalforcesonthesur-
face.This modelhasa lot of parameterssinceexternalforcesarede�ned for eachvertex
of themesh.A methodfor undistortingpaperis proposedin [8]. Thegeneratedsurfaceis
notdevelopabledueto a relaxationprocessthatdoesnotpreserve inextensibility.

Roadmap. We presentour model in x2 and its constructionfrom multiple imagesin
x3. Experimentalresultson imagesequencesarereportedin x4. Finally, x5 givesour
conclusionsandsomefurtherresearchavenues.

2 A Quasi-Minimal Model

We presentour modelandits parameterization.The ideais to fold a �at meshthat we
assumerectangularfor sake of simplicity. We underlinehowever that our modeldeals
with any convex shapefor theboundary.

2.1 Principle

Generatingasurfacemeshusingourmodelhastwo mainsteps.First,webenda�at mesh
around`guidingrules'. Second,we smoothits curvatureusinginterpolated̀ extra rules',
asillustratedin Figure2. Theresultingmeshis piecewiseplanar. It is guaranteedto be
admissible,in thesensethattheunderlyingsurfaceis developable.



Step 1: Bending with guiding rules. A ruled surfaceis de�ned by a differentiable
spacecurvea (t) andavector�eld b(t), with t in someinterval I , seee.g.[11]. Pointson
thesurfacearegivenby:

X(t;v) = a (t) + vb(t) ; t 2 I v 2 R b(t) 6= 0: (1)

Thesurfaceis actuallygeneratedby the line pencil (a (t);b (t)) . This formulationis
continuous.

Sinceour surfaceis representedby a mesh,we only needa discretesystemof rules
(sometimesnamedgeneratrices),atmostonepervertex of themesh.Keepingall possible
rulesleadsto a modelwith a high numberof parameters,mostof thembeingredundant
dueto surfacesmoothness.In orderto reducethenumberof parameters,we usea subset
of rules: Theguiding rules. Figure2 (left) shows the �at meshrepresentingthesurface
with the selectedrules. We associatean angleto eachguiding rule andbendthe mesh
alongtheguidingrulesaccordingly. Figure2 (middle)shows theresultingguidingmesh.
Therulesarechoosensuchthatthey do not to intersecteachother, which correspondsto
themodelingof smoothdeformations.

Step2: Smoothingwith extra rules. Thesecondstepis to smooththeguidingmesh.
To this end,we hallucinateextra rulesfrom theguidingones,thuskeepingconstantthe
numberof modelparameters.This is doneby interpolatingtheguidingrules.Thefolding
anglesarethenspreadbetweentheguidingrulesandtheextra rules,detailsaregiven in
thenext section.Figure2 (right) shows theresultingmesh.

Flatmesh Guidingmesh Smoothedmesh

Figure2: Surfacemeshgeneration.(left) Flatmeshwith guidingrules(in black).(middle)
Mesh folded along the guiding rules. (right) Mesh folded along the guiding andextra
rules.

2.2 Parameterization

A guidingrulei is de�nedby its two intersectionpointsAi andBi with themeshboundary.
PointsAi andBi thushave a singledegreeof freedomeach.A minimal parameterization
is their arc lengthalongtheboundaryspacecurve. Sincetherulesdo not intersecteach
otheron the mesh,we de�ne a `startingpoint' Ps andan `endingpoint' Pe suchthat all
rulescanbe sortedfrom Ps to Pe, asshown on Figure3 (left). PointsAi (resp. Bi) thus
have an increasing(resp. decreasing)arc length parameter. The set of guiding rules
is parameterizedby two vectorssA and sB which containthe arc lengthsof points Ai
andBi respectively. Thenonintersectingrulesconstraintis easilyimposedby enforcing
monotonicityonvectorssA andsB.



As explainedabove, the model is smoothedby addingextra rules. This is doneby
interpolatingtheguidingrules. Two piecewisecubicHermiteinterpolatingpolynomials
arecomputedfromthetwovectorssA andsB. They arecalledfA andfB. Thisinterpolation
functionhasthepropertyof preservingmonotonicityover ranges,asrequired.Figure3
(right) shows thesefunctionsandthe control pointssA andsB. The bendinganglesare
interpolatedwith asplineandrescaledto accountfor theincreasingnumberof rules.
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Figure3: (left) Thegeneratedmeshwith thecontrolpoints(Ai ;Bi). (right) Arc lengthssA
andsB of thecontrolpointswith theinterpolatingfunctionsfA and fB.

Table1 summarizesthemodelparameters.Themodelhas4+ S+ 3n parameters,S
beingthe numberof parametersdescribingthe meshboundary(for instance,width and
heightin thecaseof a rectangularshape)andn beingthenumberof guidingrules.

Parameters Description Size

n numberof guidingrules 1
ne numberof extra rules 1

S meshboundaryparameters S
Ps arclengthof the`startingpoint' 1
Pe arclengthof the`endingpoint' 1
sA arclengthsof the�rst pointde�ning theguidingrules n
sB arclengthsof thesecondpointde�ning theguidingrules n
q bendinganglesalongtheguidingrules n

Table1: Summaryof themodelparameters.(top) Discreteparameters(kept�x edduring
nonlinearre�nementstep).(bottom)Continuousparameters.

The deformationis parameterizedby the guiding rules. Thosearesortedfrom the
`startingpoint' to the`endingpoint', makingwavy thedeformation.

We de�ne a directrix asa curve on thesurfacethatcrossessomerulesonce.A min-
imal comprehensive setof directriceshasthe leastpossiblenumberof directricessuch
thateachrule is crossedby exactly onedirectrix. It is obviousthat this setis reducedto
a singlecurve for our model, linking the `startingpoint' to the `endingpoint'. Conse-
quenctlysurfacesrequiringmorethanonedirectrix cannot begeneratedby our model,
asfor examplea sheetwith thefour cornerspulledup. Themodelhowever shows to be
experimentallyveryeffective.



3 A Multiple View Fitting Algorithm

Our goal is to �t the model to multiple images. We assumethat a 3D point set and
cameraposehave beenreconstructedfrom imagepoint featuresby somemeans.We use
the reprojectionerror asan optimizationcriterion. As is usualfor dealingwith sucha
nonlinearcriterion,wecomputeasuboptimalinitialization thatwe iteratively re�ne.

3.1 Initialization

We begin by reconstructinga surfaceinterpolatingthegiven3D points.A rule detection
processis thenusedto infer ourmodelparameters.

Step 1: Inter polating surface reconstruction. Detailsabouthow the 3D pointsare
reconstructedaregiven in x4.1. The interpolatingsurfaceis representedby a 2D to 1D
Thin-PlateSplinefunction [2], mappingsomeplanarparameterizationof the surfaceto
pointheight.De�ning aregulargrid ontheimagethusallowsusto infer thepointsonthe
3D surface.Figure4 andFigure6 show two examples.

Step2: Model initialization by rule detection. Themodelis initialized from the3D
surface.Thesidelengthis choosenasthesizeof the3D mesh.

Guiding rulesmustbede�ned on thesurface. This setof n rulesmustrepresentthe
surfaceas accuratelyas possible. In [3] an algorithm is proposedto �nd a rule on a
givensurface.It is a methodthattriesruleson severalpointson thesurfacewith varying
direction.Weuseit to computerulesalongsiteslying on thediagonal,thehorizontaland
theverticalaxes.ThesesitesarevisibleonFigure4.

Figure4: Model initialization. (left) Reconstructed3D pointsandthe interpolatingsur-
face.(right) Pointswhererulesaresought.

The rulesaredescribedby the arc lengthof their intersectionpointswith the mesh
boundary. The two arc lengthsde�ning a rule i canbe interpretedasa point Ri in R2,
asshown in Figure5 . Our goal is now to �nd the vectorssA andsB which de�ne the
guiding rules,suchthat their interpolatingfunctions fA and fB, de�ning the parametric
curve ( fA; fB) in R2, describetherules.WethuscomputesA andsB suchthatthedistance
betweenthecurve ( fA; fB) andthepointsRi is minimized.We �x thenumberof guiding
rulesby hand,but a modelselectionapproachcouldbeusedto determineit from theset
of rules.

This gives the n guiding rules. The bendinganglevectorq is obtain from the 3D
surfaceby assumingit is planarbetweentwo consecutive rules. The initial suboptimal
modelweobtainis shown onFigure6.



1 1.5 2 2.5 3 3.5 4
-0.5

0

0.5

1

1.5

A
rc

 le
ng

th
 o

f p
oi

nt
s 

B
i

Arc length of points A
i

PSfragreplacements
Arc length

of pointsBi

Figure5: Thepointsin grayrepresentthedetectedrules.Theblackcurveis theparametric
curve ( fA; fB) andtheblackpointsaretheestimatedcontrolspointsthatde�ne theinitial
rules.

3.2 Re�nement

Thereprojectionerrordescribeshow well themodel�ts theactualdata,namelytheimage
featurepoints.We thusintroducelatentvariablesrepresentingthepositionof eachpoint
onto themodeledmeshwith two parameters.Let L be thenumberof imagesandN the
numberof points,thereprojectionerroris:

e=
N

å
i= 1

L

å
j= 1

(mj ;i ¡ P (Cj ;M(S;xi ;yi)) )2: (2)

In thisequation,mj ;i is thei-th featurepoint in imagej, P(C;M) projectsthe3D pointM
in thecameraC andM(S;xi ;yi) is a parameterizationof thepointson thesurface,with S
thesurfaceparameters.Thepointsonthesurfaceareinitializedby computingeach(xi ;yi)
suchthattheir individual reprojectionerroris minimized,usinginitial surfacemodel.

To minimizethereprojectionerror, thefollowing parametersaretuned:Theparame-
tersof themodel(thenumberof guidingandextra rulesis �x ed),seeTable1, theposeof
themodel(rotationandtranslationof thegeneratedsurface)andthe3D pointparameters.

The Levenberg-Marquardtalgorithm[5] is usedto minimize the reprojectionerror.
Uponconvergence,thesolutionis theMaximumLikelihoodEstimateundertheassump-
tion of anadditive i.i.d. Gaussiannoiseon theimagefeaturepoints.

4 Experimental Results

We demonstratethe representationalpower of our �tting algorithm on several setsof
images. First, we presentthe computationof a 3D point cloud. Second,we show the
resultsfor the threeobjectswe modeled. Third, we proposesomeaugmentedreality
illustrations.

4.1 3D Points Reconstruction

The3D point cloudis generatedby triangulatingpoint correspondencesbetweenseveral
views. Thesecorrespondencesareobtainedwhile recoveringcameracalibrationandpose
usingStructure-from-Motion[5]. Pointsoff theobjectof interestandoutliersareremoved
by hand.Figure4 showsanexampleof sucha reconstruction.



Figure6: (top) 3D surfaces.(bottom)Reprojectioninto images.(left) Interpolatedsur-
face.(middle)Initializedmodel.(right) Re�ned model.

4.2 Model Fitting

Evenif ouralgorithmdealswith severalviews,thefollowing resultshavebeenperformed
with two views. Figure6 andFigure7 show the3D surfaces,their reprojectioninto im-
agesandthe reprojectionerrorsdistribution for the papersequenceafter the threemain
stepsof ouralgorithm:Thereconstruction(left), theinitialization(middle)andthere�ne-
ment(right). Althoughthereconstructionhasthelowestreprojectionerror, theassociated
surfaceis not satisfying,sinceit is not enoughregularanddoesnot �t thebordersof the
sheet.The initialization makesthemodelmoreregular, but is not enoughaccurateto �t
theboundaryof thepaper, sothatimportantreprojectionerrorsremain.At last,there�ned
modelis visually acceptableandits reprojectionerror is very closeto the reconstructed
one. It meansthat our modelaccurately�ts the imagepoints,while beinggovernedby
a muchlower numberof parametersthanthe setof independant3D pointshas. More-
over the reprojectionerror signi�cantly decreasesthanksto the re�nement step,which
validatesrelevanceof thisstep.
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Figure7: Reprojectionerrorsdistribution for the imagesshown in Figure6. (left) 3D
point cloud. (middle)Initial model.(right) Re�ned model.

Wehave testedourmethodon imagesof aposter. Theresultsareshown in Figures8.
The reprojectionsof the computedmodelareacceptable:The reprojectionerror of the
reconstructionis 0.35pixelsandtheonefor there�ned modelis 0.59pixels.

At last, we �t the model to imagesof a rug. Suchan object doesnot really sat-
isfy the constraintsof developablesurfaces.Nevertheless,it is stiff enoughto be well-



Figure8: Postermeshreconstruction.(left) EstimatedModel. (middle)Reprojectiononto
the�rst image.(right) Reprojectionontothesecondimage.

approximatedby our model.Theresultsarethusslightly lessaccuratethanfor thepaper
andtheposter:Thereprojectionerrorof thereconstructionstepis 0.34pixelsandtheone
of the �nal modelis 1.36pixels. Figure9 shows the reprojectionof themodelonto the
imagesusedfor thereconstruction.

Figure9: Rugmeshreconstruction.(left) EstimatedModel. (middle)Reprojectiononto
the�rst image.(right) Reprojectionontothesecondimage.

4.3 Applications

We demonstratetheproposedmodeland�tting algorithmby unwarpingandaugmenting
images,asshown on Figures10 and11. Knowing wherethepaperis projectedontothe
imagesallowsusto changethetexturemapor to overlaysomepictures.Theaugmenting
processis describedin Table2. Sincewe estimatetheincominglighting, theaugmented
imageslook realistic.

AUGMENTING IMAGES

1. Runtheproposedalgorithmto �t themodelto images

2. Unwarponeof theimageschosenasthereferenceoneto getthetexturemap

3. Augmentthetexturemap

4. For eachimageautomaticallydo

4.1 Estimatelighting changefrom thereferenceimage

4.2 Transfertheaugmentedtexturemap

Table2: Overview of theaugmentingprocess.



Figure10: Someapplications.(left) Unwarpedtexturemapof thepaper. (middle)Chang-
ing thewholetexturemap.(right) Augmentedpaper.

Figure11: Augmentation.(left) Augmentedunwarpedtexturemap.(middle)Augmented
texturemapin the�rst image.(right) Syntheticallygeneratedview of thepaperwith the
augmentedtexturemap.

5 Conclusionand Futur eWork

Thispaperdescribesaquasi-minimalmodelfor paper-likeobjectsandits estimationfrom
multiple images. Although thereare few parameters,the generatedsurfaceis a good
approximationof smoothlydeformedpaper-like objects. This is demonstratedon real
imagesequencesthanksto a �tting algorithmwhich initializes the model�rst andthen
re�nes it in abundleadjustmentmanner.

Therearemany possibilitiesfor further research.Theproposedmodelcouldbeem-
beddedin a monoculartracking framework or usedto generatesamplemeshesfor a
learning-basedmodelconstruction.

We currently work on alleviating the model limitations mentionedearlier, namely
handlingageneralboundaryshapeandthecomprehensive setof feasibledeformation.
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