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Abstract

We areinterestedn reconstructingpapetlik e objectsfrom images. These
objectsare modeledby developablesurfacesand are mathematicallywell-
understood.They aredif cult to minimally parameterizesincethe number
of meaningfulparameterss intrinsically dependentn the actualsurface.

We proposea quasi-minimalmodel which self-adaptsts setof param-
etersto the actual surface. More precisly a varying numberof rulesis
usedjointly with smoothnessonstraintdo benda at mesh,generatinghe
sought-aftesurface.

We proposeanalgorithmfor tting thismodelto multipleimagesby min-
imizing thepoint-basedeprojectiorerror. Experimentatesultsarereported,
shaving thatour model ts realimagesaccurately

1 Intr oduction

Thebehaiour of therealworld dependon numerougphysical phenomenaThis makes
general-purposeomputervision a tricky taskandmotivatesthe needfor prior modelsof
theobseredstructurese.g. [1, 4, 8,10]. For instancea 3D morphabldacemodelmalkes
it possibleto recover camergposefrom a singlefaceimage[1].

This paperfocuseson paperlik e surfaces.More precisly we considepaperasanun-
stretchablesurfacewith everywherevanishingGaussiarcunature. This holdsif smooth
deformationsonly occurs. This is mathematicallymodeledby developablesurfaces,a
subsebf ruledsurfaces.Broadly speakingtherearetwo modelingapproachesThe rst
oneis to describea continoussurfaceby partial differentialequationsparametricor im-
plicit functions. The secondoneis to describea meshrepresentinghe surfacewith as
few parameterss possible. The numberof parametersnustthus adaptsto the actual
surface. We follow the secondapproactsincewe targetat computationallycheap tting
algorithmsfor our model.

One of the propertiesof paperlike surfacesis inextensibility. This is a nonlinear
constraintwhich is not obviousto apply to meshesasFigurel illustrates. For instance,
Salzmanretal. [10] useconstantengthedgedo generatdrainingmeshegrom whicha
generatingbasisis learntusingPrincipal Componeninalysis. The nonlinearconstraints
arere-injectecasapenaltyin theeventual tting costfunction. Themaindravbackof this
approachs thatthe modeldoesnot guarante¢hatthe generatedgurfaceis developable.
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Figurel: Inextensibility andapproximation:A onedimensionakxample. The curve C
representaninextensibleobject,A andB aretwo pointslying onit. Linearlyapproximat-
ing thearc (AB) leadsto the segmentAB. WhenC bowes,althoughthe arclength(AB)
remainsconstantthelengthof the sggmentAB changesA constantengthedgemodelis
thusnotavalid parameterizatiofor inextensiblesurfaces.

We proposea model generatinga 3D meshsatisfyingthe abose mentionedproper
ties, namelyinextensibility and vanishingGaussiarcurvatureat arny point of the mesh.
The modelis basedon bendinga at surfacearoundrulestogethemwith aninterpolation
procesdeadingto a smoothsurfacemesh.We only assumea corvex objectshape.The
numberof parameterfies very closeto theminimal one. Thismodelis suitablefor image
tting applicationsand we describean algorithmto recover the deformationsandrigid
poseof a paperlik e objectfrom multiple views.

Previouswork. Theconcepbf developablesurfaceds usuallychoserasthebasicmod-
eling tool. Most work usesa continuousrepresentationf the surface [3, 4, 7, 9]. They

arethus not well adaptedfor fastimage tting, except[4] which initializes the model
parametersvith a discretesystemof rules.[11] constructslevelopablesurfacesby parti-

tioning asurfaceandcurvingeachpiecealongageneralizedonede ned by its ape and
a cross-sectiorspline. This parameterizatioiis limited to piecevise generalizedccones.
[6] simulatedhendingandcreasingof virtual paperby applyingexternalforcesonthesur

face.Thismodelhasalot of parametersinceexternalforcesarede ned for eachvertex

of themesh.A methodfor undistortingpaperis proposedn [8]. Thegeneratedurfaceis

not developabledueto arelaxationprocesshatdoesnot presere inextensibility.

Roadmap. We presentour modelin x2 andits constructionfrom multiple imagesin
x3. Experimentalresultson imagesequencesarereportedin x4. Finally, X5 givesour
conclusionsaandsomefurtherresearclavenues.

2 A Quasi-Minimal Model

We presentour modelandits parameterizationThe ideais to fold a at meshthatwe
assumeectangulalfor sale of simplicity. We underlinehowever that our modeldeals
with ary corvex shapeor theboundary

2.1 Principle

Generating surfacemeshusingour modelhastwo mainsteps First,webenda at mesh
around guidingrules'. Secondwe smoothits curvatureusinginterpolated extrarules’,
asillustratedin Figure2. The resultingmeshis piecavise planar It is guaranteedo be
admissiblejn thesensdhatthe underlyingsurfaceis developable.



Step 1: Bending with guiding rules. A ruled surfaceis de ned by a differentiable
spacecurve a(t) andavector eld b(t), with t in someintenal |, seee.g.[11]. Pointson
the surfacearegivenby:

X(t;v)=a()+vb(t); t21 v2R b(t)60: (1)

The surfaceis actuallygeneratedy the line pencil (a(t); b(t)). This formulationis
continuous.

Sinceour surfaceis representethy a mesh,we only needa discretesystemof rules
(sometimesmamedyeneratrices)at mostonepervertex of themesh.Keepingall possible
rulesleadsto a modelwith a high numberof parametersmostof thembeingredundant
dueto surfacesmoothnessin orderto reducethe numberof parametersye usea subset
of rules: The guiding rules. Figure 2 (left) shawvs the at meshrepresentinghe surface
with the selectedrules. We associatean angleto eachguiding rule and bendthe mesh
alongtheguidingrulesaccordingly Figure2 (middle) shawvs theresultingguidingmesh.
Therulesarechoosersuchthatthey do notto intersecteachother which correspondso
themodelingof smoothdeformations.

Step2: Smoothingwith extra rules. The secondstepis to smooththe guidingmesh.
To this end,we hallucinateextra rulesfrom the guiding ones,thuskeepingconstanthe
numberof modelparametersThisis doneby interpolatingtheguidingrules. Thefolding

anglesarethenspreadbetweerthe guidingrulesandthe extra rules,detailsaregivenin

thenext section.Figure2 (right) shavs theresultingmesh.

Flatmesh Guidingmesh Smoothednesh

Figure2: Surfacemeshgeneration(left) Flatmeshwith guidingrules(in black). (middle)
Mesh folded along the guiding rules. (right) Meshfolded alongthe guiding and extra
rules.

2.2 Parameterization

A guidingrulei is de ned by its two intersectiorpointsA; andB; with themeshboundary
PointsA; andB; thushave a singledegreeof freedomeach.A minimal parameterization
is their arclengthalongthe boundaryspacecurve. Sincethe rulesdo notintersecteach
otheron the mesh,we de ne a startingpoint' Ps andan “endingpoint' P suchthatall
rulescanbe sortedfrom P; to Ps, asshaovn on Figure 3 (left). PointsA; (resp. B;) thus
have an increasing(resp. decreasingparc length parameter The set of guiding rules
is parameterizedby two vectorssa and sz which containthe arc lengthsof points A;
andB; respectiely. Thenonintersectingulesconstraintis easilyimposedby enforcing
monotonicityon vectorssa andsg.



As explainedabove, the modelis smoothedby addingextra rules. This is doneby
interpolatingthe guiding rules. Two pieceavise cubic Hermiteinterpolatingpolynomials
arecomputedrom thetwo vectorssy andsg. They arecalledfa andfg. Thisinterpolation
function hasthe propertyof preservingmonotonicityover rangesasrequired. Figure 3
(right) shavs thesefunctionsandthe control pointss, andsz. The bendinganglesare
interpolatedvith a splineandrescaledo accountfor theincreasinghumberof rules.
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Figure3: (left) Thegeneratedneshwith thecontrolpoints(A;; B;). (right) Arc lengthssa
andsg of the controlpointswith theinterpolatingfunctionsfa and fg.

Table1 summarizeshe modelparametersThe modelhas4+ S+ 3n parametersS
beingthe numberof parametersiescribingthe meshboundary(for instancewidth and
heightin the caseof arectangulashapeandn beingthe numberof guidingrules.

| Parameters | Description | Size |
n numberof guidingrules 1
Ne numberof extrarules 1
S meshboundaryparameters S
Ps arclengthof the “startingpoint' 1
Ps arclengthof the endingpoint’ 1
Sa arclengthsof the rst pointde ning theguidingrules n
S8 arclengthsof thesecondpointde ning theguidingrules | n
q bendinganglesalongtheguidingrules n

Tablel: Summaryof the modelparameters(top) Discreteparametergkept x edduring
nonlinearre nementstep).(bottom)Continuougparameters.

The deformationis parameterizedby the guiding rules. Thoseare sortedfrom the
“startingpoint' to the “endingpoint’, makingwavy the deformation.

We de ne adirectrix asa curve on the surfacethat crossesomerulesonce. A min-
imal comprehense setof directriceshasthe leastpossiblenumberof directricessuch
thateachrule is crossedy exactly onedirectrix. It is obviousthatthis setis reducedo
a single curve for our model, linking the “startingpoint' to the “endingpoint'. Conse-
guenctlysurfacesrequiringmorethanonedirectrix cannot be generatedy our model,
asfor examplea sheetwith the four cornerspulled up. The modelhowever shavs to be
experimentallyvery effective.



3 A Multiple View Fitting Algorithm

Our goal is to t the modelto multiple images. We assumethat a 3D point setand
camergoosehave beenreconstructedrom imagepoint featuresby somemeans.We use
the reprojectionerror as an optimizationcriterion. As is usualfor dealingwith sucha
nonlinearcriterion,we computea suboptimainitialization thatwe iteratively re ne.

3.1 Initialization

We begin by reconstructing surfaceinterpolatingthe given 3D points. A rule detection
processs thenusedto infer our modelparameters.

Step 1: Inter polating surface reconstruction. Details abouthow the 3D pointsare
reconstructecregivenin x4.1. The interpolatingsurfaceis representedby a 2D to 1D
Thin-PlateSpline function[2], mappingsomeplanarparameterizatiownf the surfaceto
pointheight.De ning aregulargrid ontheimagethusallows usto infer thepointsonthe
3D surface.Figure4 andFigure6 shav two examples.

Step2: Model initialization by rule detection. Themodelis initialized from the 3D
surface.Thesidelengthis chooserasthe sizeof the 3D mesh.

Guiding rulesmustbe de ned on the surface. This setof n rulesmustrepresenthe
surface as accuratelyas possible. In [3] an algorithmis proposedto nd arule on a
givensurface.lt is amethodthattriesruleson several pointson the surfacewith varying
direction.We useit to computerulesalongsiteslying on the diagonal the horizontaland
theverticalaxes. Thesesitesarevisible on Figure4.

Figure4: Modelinitialization. (left) Reconstructe@D pointsandthe interpolatingsur
face.(right) Pointswhererulesaresought.

The rulesare describedby the arc length of their intersectionpoints with the mesh
boundary The two arclengthsde ning arule i canbe interpretedasa point R; in R?,
asshavn in Figure5 . Our goalis now to nd the vectorssa andsg which de ne the
guiding rules, suchthat their interpolatingfunctions fa and fg, de ning the parametric
cunve (fa; fg) in R?, describetherules.We thuscomputesa andsg suchthatthedistance
betweerthe curve (fa; fg) andthepointsR; is minimized.We x the numberof guiding
rulesby hand,but a modelselectionapproactcould be usedto determinet from the set
of rules.

This givesthe n guiding rules. The bendinganglevector g is obtainfrom the 3D
surfaceby assumingt is planarbetweentwo consecutie rules. The initial suboptimal
modelwe obtainis shovn on Figure6.
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Figure5: Thepointsin grayrepresenthedetectedules. Theblackcurveis theparametric
cune (fa; fg) andtheblackpointsarethe estimatedctontrolspointsthatde ne theinitial
rules.

3.2 Re nement

Thereprojectiorerrordescribesiow well themodel ts theactualdata,namelytheimage
featurepoints. We thusintroducelatentvariablesrepresentinghe positionof eachpoint
onto the modeledmeshwith two parametersLet L be the numberof imagesandN the
numberof points,thereprojectiorerroris:
g & 2
e=a a (m;i P(Ci;M(Sxi;y)))™ (2
i=1j=1
In this equationm;;; is thei-th featurepointin imagej, P (C; M) projectsthe 3D pointM
in thecameraC andM(S;x;;y;) is a parameterizationf the pointson the surface,with S
thesurfaceparametersThe pointsonthesurfaceareinitialized by computingeach(x;; yi)
suchthattheirindividual reprojectiorerroris minimized,usinginitial surfacemodel.

To minimizethereprojectiorerror, the following parametersretuned: The parame-
tersof themodel(the numberof guidingandextrarulesis x ed),seeTablel, the poseof
themodel(rotationandtranslationof thegeneratedurface)andthe 3D pointparameters.

The Levenbeg-Marquardtalgorithm[5] is usedto minimize the reprojectionerror.
Uponconvergence the solutionis the Maximum Lik elihood Estimateunderthe assump-
tion of anadditivei.i.d. Gaussiamoiseon theimagefeaturepoints.

4 Experimental Results

We demonstratehe representationgbower of our tting algorithm on several setsof
images. First, we presenthe computationof a 3D point cloud. Secondwe shav the
resultsfor the three objectswe modeled. Third, we proposesomeaugmentedeality
illustrations.

4.1 3D Points Reconstruction

The 3D point cloudis generatedby triangulatingpoint correspondencdsetweersereral
views. Thesecorrespondencemeobtainedwvhile recoreringcameracalibrationandpose
usingStructure-from-Motiorj5]. Pointsoff theobjectof interestandoutliersareremoved
by hand.Figure4 shovs anexampleof suchareconstruction.
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Figure6: (top) 3D surfaces.(bottom)Reprojectioninto images. (left) Interpolatedsur
face.(middle) Initialized model. (right) Re ned model.

4.2 Model Fitting

Evenif ouralgorithmdealswith severalviews, thefollowing resultshave beenperformed
with two views. Figure6 andFigure7 shaw the 3D surfaces their reprojectioninto im-
agesandthe reprojectionerrorsdistribution for the papersequencafter the threemain
stepsof ouralgorithm: Thereconstructiorfleft), theinitialization (middle)andthere ne-
ment(right). Althoughthereconstructiomasthelowestreprojectiorerror, theassociated
surfaceis not satisfying,sinceit is not enoughregularanddoesnot t the bordersof the
sheet.Theinitialization makesthe modelmoreregular, but is not enoughaccurateo t
theboundaryof thepapersothatimportantreprojectiorerrorsremain.At last,there ned
modelis visually acceptablendits reprojectionerroris very closeto the reconstructed
one. It meansthat our modelaccuratelyts the imagepoints,while beinggovernedby
a muchlower numberof parametershanthe setof independan8D pointshas. More-
over the reprojectionerror signi cantly decreaseghanksto the re nement step,which
validatesrelevanceof this step.

RMS error = 0.737 pixels RMS error = 0.875 pixels

RMS error = 6.661 pixels
80
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Figure 7: Reprojectionerrorsdistribution for the imagesshavn in Figure 6. (left) 3D
pointcloud. (middle) Initial model.(right) Re ned model.

We have testedour methodon imagesof a poster Theresultsareshavn in Figuress.
The reprojectionsof the computedmodel are acceptableThe reprojectionerror of the
reconstructions 0.35pixelsandthe onefor there ned modelis 0.59pixels.

At last, we t the modelto imagesof a rug. Suchan objectdoesnot really sat-
isfy the constraintsof developablesurfaces. Neverthelessit is stiff enoughto be well-
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Figure8: Postemeshreconstruction(left) Estimatedviodel. (middle) Reprojectioronto
the rst image.(right) Reprojectiorontothe secondmage.

approximatedy our model. Theresultsarethusslightly lessaccuratehanfor the paper
andthe poster:Thereprojectiorerrorof thereconstructiorstepis 0.34pixelsandtheone
of the nal modelis 1.36 pixels. Figure9 shavs the reprojectionof the modelontothe
imagesusedfor thereconstruction.
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Figure9: Rugmeshreconstruction(left) Estimatedviodel. (middle) Reprojectiononto
the rst image.(right) Reprojectiorontothe secondmage.

4.3 Applications

We demonstratéhe proposednodeland tting algorithmby unwarpingandaugmenting
images,asshavn on Figures10 and11. Knowing wherethe paperis projectedontothe
imagesallows usto changehetexture mapor to overlay somepictures. Theaugmenting
processs describedn Table2. Sincewe estimatetheincominglighting, the augmented
imagedook realistic.

AUGMENTING IMAGES

1. Runtheproposedilgorithmto t themodelto images
2. Unwarponeof theimageschoserasthereferenceoneto getthetexture map
3. Augmentthetexturemap
4. For eachimageautomaticallydo
4.1 Estimatdighting changerom thereferencémage
4.2 Transfertheaugmentedexture map

Table2: Overview of theaugmentingrocess.



Figure10: Someapplications(left) Unwarpedtexture mapof thepaper (middle) Chang-
ing thewholetexture map. (right) Augmentecpaper

Figurell: Augmentation(left) Augmentedunwarpedtexture map. (middle) Augmented
texturemapin the rst image.(right) Syntheticallygeneratediiew of the paperwith the
augmentedexture map.

5 Conclusionand Futur e Work

This paperdescribes quasi-minimaimodelfor paperlik e objectsandits estimatiorfrom
multiple images. Although there are few parametersthe generatedsurfaceis a good
approximationof smoothlydeformedpaperlike objects. This is demonstratean real
imagesequencethanksto a tting algorithmwhich initializes the model rst andthen
re nesit in abundleadjustmenmanner

Therearemary possibilitiesfor furtherresearch.The proposednodelcouldbe em-
beddedin a monoculartracking framewvork or usedto generatesamplemeshesfor a
learning-basedodelconstruction.

We currently work on alleviating the model limitations mentionedearlier namely
handlinga generaboundaryshapeandthe comprehensk setof feasibledeformation.
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