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Abstract

We studytheproblemof aligning two 3D line reconstructionsin projective, af�ne or

Euclideanspace.

We introducethe
�����

3D line motion matrix that actson Plücker coordinates.

Wecharacterizeits algebraicpropertiesandits relationto theusual�

�

� pointmotion

matrix, andproposevariousmethodsfor estimating3D motion from line correspon-

dences,basedon costfunctionsde�ned in imagesor 3D space.We assessthequality

of thedifferentestimationmethodsusingsimulateddataandrealimages.

Keywords: Lines,Reconstruction,Motion.



1 Intr oduction

Thegoalof thispaperis to aligntwo reconstructionsof asetof 3D lines(�gure 1). The

recoveredmotionscanbeusedin many areasof computervision [6, 7, 15].

Lines are widely usedfor tracking [11, 27], for visual servoing [1] or for pose

estimation[18] andtheir reconstructionhasbeenwell studied(seee.g. [4] for image

detection,[22] for matchingand[12, 23, 24, 25] for structureandmotion).

Therearethreeintrinsic dif�culties to motionestimationfrom 3D line correspon-

dences,evenin Euclideanspace.Firstly, thereis no global linearandminimal param-

eterizationfor lines representingtheir 4 degreesof freedomby 4 global parameters.

Secondly, thereis no universally agreederror metric for comparinglines. Thirdly,

dependingon the representation,it may be non trivial to transfera line betweentwo

differentbases.

In this paper, which is anextendedversionof [2], we addresstheproblemof mo-

tion computationusingline reconstructionsfrom images.We assumethat two setsof

imagesaregivenandindependentlyregistered.We alsoassumethatcorrespondences

of lines betweenthesetwo setsareknown. Reconstructinglines from eachof these

imagesetsprovidesthetwo 3D line setsto bealigned.

In projective,af�ne, metricandEuclideanspace,motionis usuallyrepresentedby

�

�

� matrices(homography, af�nity , similarity or rigid displacement),with different

numbersof parameters,see[13] for moredetails. This representationis well-suited

to pointsandplanesrepresentedusinghomogeneouscoordinates.We call it theusual

motionmatrix.

Oneway to represent3D lines is to usePlücker coordinates.They areconsistent

in that they do not dependon particularpoints or planesusedto de�ne a line. On

theotherhand,transferringa line betweenbasesis not direct(onemusteitherrecover

two pointslying on it, transferthemandform their Plücker coordinatesor transform

the �

�

� skew-symmetricPlücker matrix representatingthe line). Theproblemwith

thePlückermatrix representationis thatapplyingthemotionis quadraticin theentries

of the usualmotion matrix which thereforecan not be estimatedlinearly from line

matches.
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Figure1: Our problemis to align two correspondingline reconstructionsor, equiva-

lently, to estimatethemotionbetweenthecamerasets.
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To overcomethis,wederiveamotionrepresentationthatis well-adaptedto Plücker

coordinatesin that it transfersthem linearly betweenbases. The transformationis

representedby a
� ���

matrix thatwe call the3D line motionmatrix. We characterize

its algebraicpropertiesin termsof theusualmotionmatrix. Theexpressionsobtained

werepreviously known in the Euclideancase[21]. We alsodealwith projective and

af�ne spaces.We givea meansof extractingtheusualmotionmatrix from the3D line

motionmatrix. A givengeneral
� � �

matrix canthenbe correctedso that it exactly

representsa motion1.

Using this representation,we derive several estimatorsfor 3D motion from line

reconstructions.Themotionallows linesto betransferredfrom the�rst reconstruction

into the secondone. Costfunctionscanthereforebe expressedeitherdirectly in the

secondreconstructionbasisusing3D entitiesor in image-relatedquantities,in terms

of theobservedandreprojectedlinesin thesecondsetof images.

Our �rst methodis basedonthedirectcomparisonof 3D Plückercoordinates.Two

othermethodsarebasedon algebraicdistancesbetweenreprojectedlines andeither

observed lines or points lying on them (suchas their end-points). A
� � �

matrix

is recoveredlinearly, thencorrectedso that it exactly representsa motion. A fourth

methodusesamorephysicallymeaningfulcostfunctionbasedonorthogonaldistances

betweenreprojectedlinesandpointslying onmeasuredlines.This requiresnon-linear

optimizationtechniquesthatneedaninitializationprovidedby e.g.oneof theproposed

linearmethods.We alsoproposea meansto quasi-linearlyoptimizethis costfunction,

whichdoesnot requirea separateinitializationmethod.
�

2 givessomepreliminariesandour notations.We introducethe 3D line motion

matrix in
�

3 andshow in
�

4 how to extracttheusualmotionmatrix from it.
�

5 shows

how thesetechniquescanbeusedto estimatethemotionbetweentwo reconstructions

of 3D lines. We validateour methodson bothsimulateddataandreal imagesin
���

6

and7 respectively, andgiveourconclusionsin
�

8.

1Comparethis with thecaseof fundamentalmatrix estimationusingthe8 point algorithm: theobtained
�����

matrix is correctedsothatits smallestsingularvaluebecomeszero[13].
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2 Preliminaries and Notations

Wemakenoformaldistinctionbetweencoordinatevectorsandphysicalentities.Equal-

ity up to a non-nullscalefactoris denotedby � , transpositionandtransposedinverse

by
�

and �

�

, andtheskew-symmetric
� ���

matrix associatedwith thecrossproduct

by ��� �
	 , i.e. � ���
	������

�

� . Vectorsaretypesetusingbold fonts( � , � ), matricesusing

sans-seriffonts ( � , � , � ) andscalarsin italics. Everythingis representedin homoge-

neouscoordinates.Barsrepresentinhomogeneousleadingpartsof vectorsor matrices,

e.g. �

�

����� �

�����

. We use � �!� to designatethe "$# -normof vector � .

Plücker line coordinates. Giventwo3D points�

�

����� �

�%���

and &

�

�'�(� &

��)*�

,

one can form the Plücker coordinatesof the line joining them as a 6-vector �

�

�

�,+

��-.�/�

de�ned up to scale[13]:
0

1 2

+ � ��

�

�&

-

�

�

�&43

)

��5�

(1)

Note thatotherchoicesof constructing6-vectorsof Plücker coordinatesarepossible.

Every choicegoeswith a bilinearconstraintthat6-vectorshave to satisfyin orderto

representvalid line coordinates.For our de�nition, the constraintis +

�6-

�87 . An

alternativerepresentationis thePlücker matrix 9 , which is relatedto � via:

9:�<; =

� +>�
	

-

3

-?�

7

@ACB

andto pointcoordinatesby:

9:�D�C&

�

3E&��

�

�

This is a skew-symmetricrank-2 �

�

� matrix.

Usual motion representation. Transformationsin projective,af�ne, metricandEu-

clideanspacesareusually representedby �

�

� matrices. In the generalprojective

case,the matricesareunconstrained,while in the af�ne, metric andEuclideancases

they have thefollowing forms,where F is a
� ���

rotationmatrixandtheotherblocks

donothaveany specialform:

6



projective: af�ne: metric: Euclidean:

homography� af�nity � similarity � displacement�

��
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�

�

�

�

� ���

�
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�

�

�
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�

��
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�

�

�
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�

� �
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�

�

�

�

�

��

�

�

�

�

�

���

�

� 	

�


��

�

�

�

�

�

��

�

�

�

�

�

�

�

� 	

�


��

�

�

�

�

�

This block partitioningof � , � , � and � will beusedto de�ne thecorresponding3D

line motionmatricesin
�

3.

Camera settings. We considertwo setsof independentlyregisteredcameras.In the

projective space,without loss of generality, we can expresseachset in a canonical

reconstructionbasis[20], andin particular, we cansetreferencecameras,e.g. the�rst

onesto: �

�

���

�������� 

B

where

�

and

�

�

arethereferencecamerasof the �rst andthesecondsetrespectively,

thatwecall the�r standthesecondreferencecameras. Let � bethe �

�

� usualhomog-

raphymatrix mappingpointsfrom the�rst basisto thesecondoneand

�

� �

�!�

�

�

� �

"

� �

 

the referencecameraof the secondsetexpressedin the �rst basis. Thesenotations

are illustratedon �gure 2. We denoteby #%$ and #

�

$

the planeswith coordinates

� 7 7 7'&( 

�

of the two reconstructions.In af�ne, metricor Euclideanreconstructions,

theseare the planeat in�nity , while in projective reconstructions,they will in gen-

eral correspondto two �nite planes. Let #

� �

$

be the planein the �rst reconstruction

correspondingto #

�

$

. We also make use of the lines �
$ and �

�

$

lying on #
$

and #

�

$

respectively and relatedby � . In particular, ��$ �)#*$,+-#

� �

$

�/.10 �

�
�

0

�32

 

�54

�
0

�76

# �

2

� 798 .

Let usgiveageometricalinterpretationof thecomponentsof � . Thiswill beuseful

to subsequentlyinvestigatethecorrespondingpropertiesof the3D line motionmatrices

in
�

3. Thefundamentalmatrix [19] betweenthereferenceviews is givenby:

:

�C�

"

� �

�
	
�

�
� �

�C�

6<;

�
	
�

�!�
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Figure2: Camerasettings.

�

is theperspectiveprojectionmatrix from the�rst basisto

the�rst referencecameraand

�

�

from thesecondbasisto thesecondreferencecamera.�

� �

is theprojectionmatrix of thesecondreferencecameraexpressedin the�rst basis,

i.e. it projectspointsexpressedin the�rst basisin thesecondreferencecamera.

�

and�

�

areassumedknownwhile

�

� �

, whichdependsonthemotionparameters,isunknown.

Thesesettingscanbeeasilytransposedto theaf�ne, metricandEuclideancases.
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Indeed,we have �

�

�

6 ;

 � �

�

�

� �

"

� �

 since:
��� �

�

���

�

�

�

��� �

"

� �

 � � � �7 ;=

�

�

6 ;

6 �

#

�

@A

�

�

��� �

"

� �

 � �

�

�

6 ;

 �

Theseresultsmaybeeasilyspecializedto theaf�ne, metricandEuclideanspaces.The

otherpartsof � canbeinterpretedasfollows:

�

�� is the2D planehomographyfor pointsbetweenthe referenceviews induced

by theplane # $ . Indeed,let usconsider0��5# $ . Onecaneasilycheckthat

0

�

��� �

�

7  where� is thecorrespondingpoint in the�rst referenceimageand�

�

� 0 �
�

� � . Hence,if wedealwith af�ne, metricor Euclideanreconstructions,

then �

� is thein�nite homography[13] betweenthetwo referenceviews;

�

6
;

containsthecoordinatesof thesecondepipolesince:
:

�
6 ;

�
�

�

� �

�

�

"

� �

�
	

�

6<;

�
�

�

�

�

6 ;

�
	

�

6<;

� � ;

�

#

� �

$

�)�

6
�

#

�

 

�

containsthe coordinatesof the planeat in�nity of the second

basisexpressedin the�rst basis.Indeed,#

� �

$

�C�

�

#

�

$

� �

6
�

#

�

 

�

.

Perspectiveprojection matrix for lines. With ourchoiceof Plückercoordinates(1),

theimageprojectionof a line [8, 13] becomesthe
� � �

lineartransformation
�

�

:

�

�

�5�����
	 �
�

�

 
�

�

�

�

�

"

�
	
�

�

�

B

(2)

where

�

� �

�

�

"

 is the
� �

� perspective cameramatrix. This resultcanbe easily

demonstratedby �nding theimageline joining theprojectionsof two pointson the3D

line. An explicit proof is givenin theappendix.Speci�c formsfor af�ne camerasand

calibratedperspectivecamerasarestraightforwardto derive.

3 The 3D Line Motion Matrix

In this section,we de�ne and examinethe propertiesof the 3D line motion matrix

for theprojective space�rst andthenspecializeit to theaf�ne, metricandEuclidean
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spacesrespectively.

3.1 The 3D Line Homography Matrix

ThePlücker coordinatesof a line, expressedin twodifferentbases,are linearly linked.

The
� � �

matrix
�

� thatwecall the3D line homographymatrixdescribesthetransfor-

mationin theprojectivecaseandcanbeparameterizedas:

�

�E� ;=

���
	(� ��  �� �

�

�

6 ;

�
	 ��

3 �� �

6

# �
	

�

�� 3

6 ; 6 �

#

@A B

(3)

where � is the usual �

�

� homographymatrix for points. If �

�

� � +

�%-?�(�

are

Plücker line coordinates(i.e. +

� -

�'7 ), then
�

� � are thePlücker coordinatesof the

transformedline (i.e.
�

� � satis�esthebilinear Plücker constraint).

Theproof of this resultis providedin theappendix.Notethat
�

� is a
� � �

matrix

de�ned up to scaleandsubjectto 20non-linearconstraintssincetheprojectivemotion

has15 degreesof freedom. Otheralgebraicpropertiesdirectly follow from equation

(3). Firstly, thedeterminantof
�

� canbeexpressedin termsof thatof � as:

���
	 �

�

�< �� � � � 	(� �   

�

B

which meansthatif � is full-rank, then
�

� is alsofull-rank. Secondly, let
��

denotethe

3D line motionmatrix correspondingto theusualmotionmatrix
�

. Then:

�

� �

� ���

�
�

�

�

�

�

�

� �

�

;

���

�
�

�

�

�

�

;

�

Thesepropertiescanbeeasilyveri�ed usingany linearalgebrasymbolicmanipulation

softwaresuchasMAPLE.

Consistencyconstraintson
�

� . Let
�

� besubdividedin
� �%�

blocksas:

�

� �

;=

�

�

;
;

�

�

;

#

�

�?#

;

�

� # #

@A

�
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By ������� � , wedenotethe � -th row of matrix
�

�	��� andby 
����
� � its � -th column.Weexpress

the20non-linearconsistency constraintsthatmustholdon
�

� asfollows:

���

�

;
;

� �

 ���

;

#�� �  � 7

B

� � & � � �

�

���

�

#

;

� �

 ��� # #�� �  � 7

B

� � & � � �

�

��


�

;
;

� �

 ���
 #

;

� �  � 7

B

� � & � � �

�

��


�

;

#�� �

 ���
 # #�� �  � 7

B

� � & � � �

�

���

�

;
;

� �

 ���� # #�� ���  �� ���

�

;

#�� �

 ���� #

;

� ���  � 7

B

� � & � � �

�

B

�

�

� & � � �

�

B

��� ���

�

���

�

;
;

�

;

 ���� # #��

;

 �� ���

�

;

#��

;

 ��� #

;

�

;

 � ���

�

;
;

� #

 ��� # #�� #  �� ���

�

;

#�� #

 ��� #

;

� #  

� ���

�

;
;

�

�

 ��� # #��

�

 �� ���

�

;

#��

�

 ��� #

;

�

�

 �

A detailledderivationis givenin theappendix.Notethatthesecontraintsarebilinearin

theentriesof
�

� . Theseconstraintsareimportantin thatthey characterizethealgebraic

structureof a 3D line homographymatrix.

Geometric interpretation of
�

� .

� the upper-left
� �E�

block
�

�

;
;

�

�

�!�

�

is the 2D planehomographyfor lines,

betweenthereferenceviews,inducedby #%$ . This follows from theobservation

madein
�

2 that
�

�

�

�

; ;

�

�

� is the correspondingplanehomographyactingon

points.

� theupper-right
� � �

block
�

�

;

# is thefundamentalmatrixbetweenthereference

views, i.e.
�

�

;

# �

:

. Indeed,
�

�

;

# � �

6
;

�
	

�

� �C�

"

� �

�
	

�

�

� �

�

:

(cf
�

2).

� theupper
� � �

block �

�

�

;
;

�

�

;

#( is theperspectiveprojectionmatrix for Plücker

line coordinatesfromthe�r st basisto thesecondreferenceview. Indeed,

�

�

�

;
;

�

�

;

#( � � ��� 	 � ��  ��

�

�

�

6
;

�
	

��  � � ��� 	 � �

� � �

 �

� � �

�

"

�
	

�

�

 �

�

�

B

where
�

�

correspondsto the perspective projectionmatrix (2) for Plücker line

coordinates(1) and

�

� �

is theperspectiveprojectionmatrix from the�rst basisto

thesecondreferenceview (see�gure 2).
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� the lower-left
� � �

block
�

� #

;

�

�

� �

6

# � 	 is a degenerate line-to-pointhomog-

raphybetweenthe referenceviews, which canbe interpretedasfollows. Let �

beanimageline in the�rst referenceview. Theintersectionof � andtheline of

equation
6

# is apoint ��� �

6

# �
	�� . Thebackprojectionof � onto # $ lieson � $

andis givenby 0

�

$

� � �

�

7  . Its correspondingpoint in thesecondreconstruc-

tion lies thereforeon �

�

$

andis givenby 0

�

�

$

� � �

�

�

7  with �

�

� ��$�

6

# � 	 � .

Projecting0

�

$

into thesecondreferenceview gives�nally �

�

� ��$�

6

# � 	 � .

So,
�

� #

;

is somehow reciprocalto afundamentalmatrix thatmapspointsto lines.

Whereasa fundamentalmatrixgivesmatchingconstraintsfor imagepoints,
�

� #

;

doesnotgiveany matchingconstraintsfor generallines(therearenonebetween

two views).

� the lower-right
� � �

block
�

�
# # is the 2D plane homography for points, in-

ducedby #
$ (expressedin thesecondbasis),betweenthereferenceviews. In-

deed,we have shown that �
� is a planehomographyand

6
;

thesecondepipole

correspondingto the pair of referenceviews. Using the formulation of [20],
�

� # # �

�

�

� 3

6
;

6
�

#

is the2D planehomographyinducedby theplane �

6
�

#

�

 

�

,

which arethecoordinatesof theplaneat in�nity of thesecondbasisexpressed

in the�rst one.

� the lower
�����

block �

�

� #

;

�

� # #  transfers a line � from the �r st basisto the

secondoneandprojectsits intersectionpointwith #

�

$

into thesecondreference

view. Thiscanbeseenasfollows. 0

�

�

$

� � �

�

�

7  with �

�

� �

�

� #

;

�

� # #  
� is the

point at in�nity of
�

� � whichprojectsto �

�

in thesecondreferenceview.

3.2 The 3D Line Af�nity Matrix

For af�ne reconstructions,the 3D line motionmatrix hasthe following form and we

call it the3D line af�nity matrix:

�

� �

;=

��� 	 �
�

�  
�

�$�

�

� � �
	
�

�

�

�
�

@A

� (4)
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This resultis obtainedby specializingthe3D line homographymatrix (3). Thege-

ometricinterpretationof thismatrix is verysimilar to theprojectivecase.In particular,

�� is the homographyat in�nity betweenthe two referenceviews. Note that a
� � �

matrixde�ned up to scalerepresentinganaf�nity is subjectto 23constraints,many of

thembeinglinearor bilinear.

3.3 The 3D Line Similarity Matrix

In metricspace, the3D line motionmatrixhasthefollowingformandwecall it the3D

line similarity matrix:
�

� �<; =

�

F � � �
	 F

�

F

@A

� (5)

This result is obtainedby specializingthe 3D line homographymatrix (3). The

geometricinterpretationof this matrix is straightforward.The
� ���

upper-right block

� � �
	 F is theessentialmatrixbetweenthereferenceviewswhile theothertwo non-zero
� � �

blocksgive the rotationmatrix betweenthe referencecameras,aswell as the

relative scaleof thetwo reconstructions.Notethata
� � �

matrix de�ned up to scale

representingasimilarity is subjectto 28constraints.

3.4 The 3D Line DisplacementMatrix

In Euclideanspace, the3D line motionmatrixhasthefollowingformandwecall it the

3D line displacementmatrix:

�

�E� ;
=

F � � �
	

F

�

F

@
A

� (6)

This result is obtainedby specializingthe 3D line homographymatrix (3). It co-

incideswith thatobtainedin [21]. Thegeometricinterpretationof this matrix is very

similar to themetriccase.Notethatanhomogeneous
� � �

matrix representinga rigid

displacementis subjectto 29constraints.
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4 Extracting theUsualMotion Matrix fr omthe3DLine

Motion Matrix

Givena
� � �

3D line motionmatrix,onecanextractthecorrespondingmotionparam-

eters,i.e. theusual�

�

� motionmatrix. In thissection,weshow how to extractausual

motionmatrix from a3D line motionmatrix in projective,af�ne, metricandEuclidean

spaces.We alsogive solutionsfor thecaseswherethe
� � �

matrix consideredis cor-

ruptedby noiseandthereforedoesnot exactly correspondto a motion, i.e. it differs

from theforms(3), (4), (5) or (6).

4.1 ProjectiveSpace

We give an algorithmfor the noise-freecasein table1. Its simpleproof is given in

theappendix.In the presenceof noise,
�

� doesnot exactly satisfytheconstraints(3)

andsteps2-4haveto beachievedin a leastsquaressense(seebelow). Fromthere,one

canfurther improvetheresult,e.g. by non-linearminimizationof theFrobeniusnorm

betweenthegiven(inexact)line homographymatrix andtheonecorrespondingto the

recoveredusualmotionparameters.

Let
�

� besubdividedin
� �%�

blocksas:
�

� �

�

�

�

�
� �

�

�
�

�

�

�

�

�

�

�

� �




� .

1. �
� : compute �

� �

���

4

���
	(�

�

�

;
;

 

4

�

�

�

�

; ;

2.
6 ;

: compute�

6 ;

�
	%�

�

�

�

;

#

�
�!�

;

3.
6

# : compute�

6

#
�
	%���

�
�!�

;

�

�
#

;

4.
�

: compute
�

via
�

�

�

	

�

�

�

�

�

�?# # �

6
;

6
�

#

 

�

�!�

;

.

Table1: Extractingthehomographymatrixfrom the3D line homographymatrix. Note

thatextractedvaluesarede�ned up to a globalchangeof sign.

We giveoneway to performa leastsquaresestimation.Otheralgorithmsmight be

possible.Steps2 and3 requireto �t a skew-symmetric
� � �

-matrix � � � 	 to a general
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� ���

matrix � . Thefollowing solutionminimizestheFrobeniusnormof � � � 	 3�� :

�'�

;

#

���

�

# 3�� #

�

�

;

�

3��

�

;

� #

;

3��

;

#  . Step4 requiresto �t ascaled
� � �

identity matrix � � to a general
� ���

-matrix � . Thefollowing solutionminimizesthe

Frobeniusnormof � �?3�� : � �

;

�	�

��


� � .

4.2 Af�ne Space

Wegiveastraightforwardalgorithmin table2. Thisalgorithmis valid for thenoise-free

case.For thenoisycase,onecanmodify theproposedstepsasfollows.

Let
�

� besubdividedin
� ���

blocksas:
�

� �

�

�

�

� � �

�

� �

�

�

�

�

� �




� .

1. �

� : compute �

� �

�

��# #

2. � : compute� � �
	

�

�

�

;

#
�

�$�

;

.

Table2: Extractingtheaf�nity matrix from the3D line af�nity matrix.

For step1, �

� canbe recoveredfrom
�

�

; ;

aswell as
�

��# # . Their average,possibly

weighted,can be usedto recover �

� . Step2 can be conductedas indicatedfor the

projectivecasein theprevioussection.

4.3 Metric Space

We give analgorithmfor thenoise-freecasein table3. For thenoisycase,onemight

Let
�

� besubdividedin
� ���

blocksas:
�

� �

�

�

� 


� �

� 


�

�

�

� 


���




� .

1. normalize
�

� suchthat � � 	(�

�

�
# #

 �� & ;

2. � : compute�

���

�

��� 	 �

�

�

;
;

 ;

3. F : computeF��

�

�
# # ;

4. � : compute� � �
	

�

�

�

;

# F

�

.

Table3: Extractingthesimilarity matrix from the3D line similarity matrix.
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averagethetwo versionsof F availablefrom
�

� as F����

�

�

;
;��

�

#

�

�

� # #  

���

andcorrect

theresultsothattheobtainedmatrixexactly representsa rotationby usinge.g.[16] or

F����	�

�

where F��
���
�

�

is theSVD (SingularValueDecomposition)of F . Step4

canbeachievedasindicatedfor theaf�ne andprojectivecases.

4.4 EuclideanSpace

We give analgorithmfor thenoise-freecasein table4. For thenoisycase,onemight

Let
�

� besubdividedin
� �%�

blocksas:
�

�E�

�

�

� �

� �

��

�

�

�

��

� �




� .

1. normalize
�

� suchthat ���
	(�

�

�

;
;

 ���& ;

2. F : computeF��

�

�

;
;

;

3. � : compute� � �
	��

�

�

;

#
F

�

.

Table4: Extractingthedisplacementmatrix from the3D line displacementmatrix.

averagethe two versionsof F availablefrom
�

� as F � �

�

�

; ;

�

�

� # #  

���

andcorrect

theresultsothattheobtainedmatrixexactly representsa rotationasin themetriccase.

Step3 canbeachievedasindicatedfor theaf�ne andprojectivecases.

5 Aligning Two Line Reconstructions

We now describehow the 3D line motion matrix canbe usedto align two setsof �

corresponding3D linesexpressedin Plücker coordinates.We examinetheprojective

casebut themethodcanalsobeusedfor af�ne, metricor Euclideanframes.Weassume

that the two setsof camerasareindependentlyweaklycalibrated,i.e. their projection

matricesareknown up to a 3D homography, so that a projective basisis attachedto

eachset[20]. Linescanbeprojectively reconstructedin thesetwo bases.Our goal is

to align these3D lines i.e. to �nd theprojective motionbetweenthetwo bases,using

theline reconstructions.
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5.1 GeneralEstimation Scheme

Estimationis performedby �nding ���������
	�� 
�� where� is thecostfunctionconsidered.

The scaleambiguity is removedby usingthe additionalconstraint �

�

� �

#

�)& . Non-

linearoptimizationis performeddirectlyontheusualmotionparameters(the16entries

of � andusingthe constraint � � �

#

�)& ) whereasthe otherestimatorsdeterminean

approximate3D line homographymatrix
�

� �rst, thenrecover the usualhomography

matrixusingthealgorithmin table1. Theemployedcostfunctionsarenon-symmetric,

takinginto accounttheerrorsonly in thesecondsetof images.

5.2 Estimation Basedon a 3D CostFunction

Our �rst alignmentmethodis “Lin 3D”. Oneof the dif�culties of using3D lines for

motion estimationis that thereis no universallyagreederror metric betweentwo 3D

lines. For that reason,we proposeonly one estimatorbasedon 3D entities. This

estimatoris basedon a direct comparisonof Plücker coordinates.A measureof the

distancebetweentwo 3D lines � and
�

� is givenby:

�

#

���

� �

B

�

�  ��

�

�����

;������ ���

;=

�

�����

;������ ���

� � �

!

�

"�#

�%$

#

�/3

#

�&$

#

�('

#

@A

�

It canbeconstructedasfollows. Considerthe
� � �

matrix )����

�

�

�

3

�

� �

�

. If � and
�

� areidentical,all entriesof ) vanish.Therefore,
�

�*�

� �

B

�

�� �,+.-/+.0

1

#

, where � � �32 is

theFrobeniusmatrixnorm,canbeusedasa distancemeasurebetween� and
�

� .

Thedistance
�

�*� inducesthefollowing costfunction:

�

���

�

�

�

�

#

���

� �
#*4

B

�

�
#*4

 

B

where �65

�

is the 7 -th reconstructedline in the 8 -th basis( 8 �5. &

B

�

8 ) and
�

�!#
4

�

�

� �

;

4

is theestimatedline aftertransferfrom the�rst to thesecondbasis.

Finding
�

� thatminimizes�

�*� is a linearleastsquaresproblem.Concretely, it may

besolvedby �nding thenull-vectorof a
�

7 �

��� �

matrix,usinge.g.SVD.
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5.3 Estimation Basedon 2D (Image-Related)CostFunctions

The following cost functionsarebasedon minimizing discrepanciesbetweenrepro-

jectedlinesandlinesextractedin images.Concretely, we considertheprojectionsin

the secondsetof images,of 3D lines in the �rst set,after transferusingthe
�

� to be

estimated.Thediscrepancy of thesereprojectedlinesandobservedonesis measured

by comparing2D linesdirectlyor by computingthedistancebetweenreprojectedlines

andpointson observedones.The following costfunctionsareexpressedin termsof

observedimagelines,their end-pointsor anarbitrarynumberof pointsalongtheline,

andreprojectedlinesin thesecondsetof images.Thesepointsneednotbecorrespond-

ing points.

If end-pointsarenot availablethenthey canbe hallucinated,e.g. by intersecting

the imagelineswith the imageboundaries.The linearandquasi-linearmethodsneed

at least7 lines to solve for themotionwhile thenon-linearoneneeds5 (which is the

minimumnumber)but requiresaninitial guess.

We derivea joint projectionmatrixmappinga3D line to asetof imagelinesin the

secondsetof images.Let

�

�

�

betheprojectionmatricesof the � imagescorresponding

to thesecondsetof cameras(expressedin thesecondbasis)and
�

�

�

�

thecorresponding
� � �

line projectionmatrices(cf equation(2)). Similarly, let

�

� and
�

�

� bethepoint

andline projectionmatricesfor the�rst setof cameras(expressedin the�rst basis).

Linear estimation 1. Our secondalignmentmethod“Lin 2D 1” directly usesthe

line equationsin the images.End-pointsneednot bede�ned. We de�ne analgebraic

measureof thedistancebetweentwo imagelines � and
�

� by
�

#

� �

B

�

�� � � �

�

�

�
�

# . This

distancedoesnot have any direct physicalmeaning,but it is zeroif the two lines are

identicalandsimple in that it is bilinear. If � and
�

� hadunit norm and if they were

interpretedasvectorsin Euclidean3D space,then
�

#

� �

B

�

�� would betheabsolutevalue

of thesineof theanglebetweenthem.

This distanceinducesthecostfunction:

�

;

�

�

�

�

�

�

#

� �����

B

�

�����( 

B

18



where ����� is the 7 -th observedline in the � -th imageof thesecondsetand
�

����� thecor-

respondingreprojection:
�

� ��� �

�

�

�

�

�

� �

;

4 . We normalizeobservedimagelinessuchthat

� � ��� �

#

� & . Finding
�

� thatminimizes�

;

is a linearleastsquaresproblemthatmaybe

solvedby computingthenull-vectorof a
�

� �

��� �

matrix usinge.g.SVD.

Linear estimation 2. Our third method“Lin 2D 2” usespointslying on thelinesin

thesecondimagesetandthealgebraicdistance
�

# �

���

B

�  �8���

�

�

�

#

betweenanimage

point � anda line � . This distancewould have a physicalmeaning,i.e. theorthogonal

distancebetween� and � , if they werenormalizedsuchthat �

�

��& and �

#

;

� �

#

#

� & .

If we considerthe end-points� ��� and ����� of eachline 7 of the � -th imageof the

secondimageset,this givesthecostfunction:

�
#

�

�

�

�

�

"

�

#

�

���
���

B

�

�
���

 �

�

#

�

���
���

B

�

�
���

 

'

�

Onecanobserve that an arbitrarynumberof pointscould be incorporatedin �(# in a

straightforwardmanner. Finding
�

� thatminimizes�
# is a linearleastsquaresproblem

that may be solved by computingthe null-vectorof a
�

� �

� � �

matrix usinge.g.

SVD.

Non-linear estimation 1. Our fourth method“NLin 2D 1” usesa geometricalcost

functionbasedontheorthogonaldistancebetweenreprojected3D linesandtheirmea-

suredend-points[17], de�ned as
�

# �

���

B

�� ��

���

	
	

 

�

�

�

���

�

�

�

(provided �

�

� & ):

�

�

�

�

�

�

�

"

�

# �

�������

B

�

�����( �

�

# �

�������

B

�

�����( 
'

�

This is non-linearin the reprojectedlines
�

����� and consequentlyin the entriesof
�

� ,

which implies theuseof non-linearoptimizationtechniques.We usetheLevenberg-

Marquardtalgorithm[10] with numericaldifferentiation.Theunknownsareminimally

parameterized(we optimizedirectly theentriesof � , not
�

� ), sono subsequentcorrec-

tion is neededto recover themotionparameters.

Quasi-linear estimation. Thedrawbacksof non-linearoptimizationarethattheim-

plementationmaybecomplicated.For thesereasons,wealsodevelopedaquasi-linear
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estimator“Qlin 2D” thatminimizesthesamecostfunction �

� . Considerthecostfunc-

tions � # and �

� . Both dependon the samedata,measuredimagepointson the line

(suchasend-points)andreprojectedlines,theformerusinganalgebraicandthelatter

theorthogonaldistance.We canrelatethesedistancesby:

�

# �

���

B

�  ����

�

#

�

���

B

�  where � �

&

�

#

;

� �

#

#

B

(7)

andrewrite �

� as:

�

�

�

�

�

�

�

� ���

"

�

#

�

�������

B

�

�����( �

�

#

�

�������

B

�

�����( ' � (8)

The non-linearityis hiddenin the weight factors � ��� . If they wereknown, the cost

functionwould be a sumof squaresof termsthat arelinear in theentriesof
�

� . This

leadsto the following iterative algorithm. Weights,assumedunknown, areinitialized

to unity anditeratively updated.The loop is endedwhentheweightsor equivalently

the residualerrorsconverge. The algorithmis summarizedin table5. It is a quasi-

linear optimizationthat convergesfrom the minimizationof an algebraicerror to the

geometricalone.Its mainadvantagesarethatit is simpleto implement(asa loop over

a linearmethod)andthatit givesreliableresultsaswill beseenin thenext sections.

1. initialization: set � ��� =1;

2. estimation: estimate
�

� using standardweightedleastsquares;the
� � �

matrix obtainedis correctedsothatit representsa motion,seealgorithm1;

3. weighting: use
�

� to updatetheweights� ��� accordingto equation(7);

4. iteration: iteratesteps2 and3 until convergence(seetext).

Table5: Quasi-linearmotionestimationfrom 3D line correspondences.

Non-linear estimation2. Thecostfunction �

� employedin methodsNLin 2D 1 and

QLin 2D is expressedonly in termsof entitiesof thesecondsetof images.Hence,it is

not symmetricwith respectto thetwo setsof images.Our sixth method“NLin 2D 2”
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is basedon a costfunction ��� , similar to �

� , but that is symmetricwith respectto the

two setsof images.

Let �

�

���

and �

�

���

designatetheend-pointsof line 7 in the � -th imageof the �rst set.

In orderto write theexpressionof � � , we needthelines
�

�

�

���

projectedin the�rst image

set,aftertransferfrom thesecondbasis.They aregivenby
�

�

�

���

�

�

�

�

�

�!�

;

� #*4 . Thecost

function ��� canthenbeexpressedas:

��� � �

�

�

�

�

�

�

"

�

# �

���

�

���

B

�

�

�

���

 �

�

# �

���

�

���

B

�

�

�

���

 ' � (9)

This is a non-linearfunction. As for methodNLin 2D 1, we optimizethe entriesof

� usingthe Levenberg-Marquardt algorithmwith numericaldifferentiation. At each

optimizationstep,we form matrix
�

� . We do not computedirectly the inverseof the
� ���

matrix
�

� to get
�

�
�

;

, but we rathercomputethe �

�

� matrix �
�

;

andform the

corresponding3D line homographymatrix,which is
�

�!�

;

�

�

�
�

�

;

 .

Other cost functions. Otherdistancemeasuresbetweenimagelineshave beenpro-

posedin the literature. In [24], the authorsproposedthe total squareddistance,i.e.

the sumof squaredorthogonaldistancesalongtwo line segments. In [25], the over-

lap betweenline segmentsis considered.Thesedistancescould be usedfor motion

estimationwithin theabovedescribedframework, requiringnon-linearoptimization.

It wouldalsobepossibleto usea symmetriccostfunction,i.e. over thetwo setsof

images,asin [5] for thecaseof points.

Singularities. It hasbeenshown that thereexist critical setsof 3D lines [3]. In the

caseof motion estimationfrom 3D line correspondences,[21] shows that thesesets

maycontainanin�nite numberof lines.For example,if all observedlinesarecoplanar,

motionestimationis ambiguous.Wedid notencountersuchasingularsituationduring

ourexperiments.
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6 ResultsUsingSimulatedData

We �rst compareour estimatorsusingsimulateddata.Thetestbenchconsistsof four

camerasthat form two stereopairs observinga set of � �

�

7 3D lines randomly

chosenin a spherelying in the�elds of view of all cameras.Linesareprojectedonto

theimageplanes,end-pointsarehallucinatedat theimageboundariesandcorruptedby

additiveGaussiannoise,andtheequationsof theimagelinesareestimatedfrom these

noisyend-points.

A canonicalprojective basis[20] is attachedto eachcamerapair andusedto re-

constructthelinesin projectivespace.We thencomputethe3D homographybetween

thetwo projective basesusingtheestimatorsgivenin
�

5. We assessthequality of an

estimatedmotionby measuringthe RMS (RootMeanSquare)of theEuclideanrepro-

jection error (orthogonaldistancesbetweenreprojectedlines andend-pointsin both

imagepairs).This correspondsto thesymmetriccostfunction �
� (equation(9)) mini-

mizedby thenon-linearalgorithmNLin 2D 2. Wealsomonitorthecomputationalcost

of eachmethod.We show medianresultsover100trials.

Accuracy. Figure3 showstheerrorasthelevel of addednoisevaries.Thenon-linear

methodis initializedusingthequasi-linearone(aninitialization from Lin2 2D 2 gives

similar results).We observe that themethodsLin 3D (basedon analgebraicdistance

between3D Plückercoordinates),Lin 2D 1 andLin 2D 2 performworsethantheoth-

ers. This is dueto thefact that thecostfunctionsusedin thesemethodsarenot phys-

ically meaningfulandbiasedcomparedto � � . MethodQLin 2D givesresultscloseto

thoseobtainedusingNLin 2D 1. It is thereforeagoodcompromisebetweenthelinear

andnon-linearmethods,achieving goodresultswhile keepingsimplicity of implemen-

tation. However, we observedthat in a few cases(about4%), thequasi-linearmethod

doesnotenhancetheresultobtainedby Lin 2D 2 while NLin 2D does.QLin 2D esti-

matesmoreparametersthannecessaryandthis maycausenumericalinstabilities.The

methodthat bestminimizesthe reprojectionerror is NLin 2D 2. This resultscould

havebeenexpectedsincethismethodconsistsin minimizing thereprojectionerror.
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motionestimators.Theorderof methodsin thelegendcorrespondsto thecurvesfrom

top to bottom.
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Computational cost. Figure4 shows the computationalcostas the level of added

noisevaries. Theseresultshave beenobtainedusing our C implementation,on a

850 Mhz. PentiumIII PC running underWindows. As expected,the linear meth-
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Figure4: Comparisonof thecomputationtime versusaddedimagenoisefor different

motionestimators.Theorderof methodsin thelegendcorrespondsto thecurvesfrom

top to bottom.

ods(Lin 2D 1, Lin 2D 2 andLin 3D) give constantresults,i.e. that do not depend

uponthe level of addednoise. Note that for thesemethods,the computationalcost

is dominatedby the singularvaluedecompositionneededto solve the linear system.

Hence,thecomputationalcostis directly linkedto thesizeof thelinearsystemassoci-

atedto themethod.This explainsthatmethodLin 3D, with a ����������� linearsystem

to solve,hasa muchhighercomputationalcostthanmethodsLin 2D 1 andLin 2D 2

whichhaverespectively �����	��� and 
�������� systemsto solve.

Ontheotherhand,non-linearmethods(QLin 2D, NLin 2D 1 andNLin 2D 2) give

resultsdependingon theaddednoiselevel. Indeed,thenoiselevel in�uencesthenum-
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ber of iterationsneededby the methodto convergenceandhence,the computational

cost. As for linear methods,the computationalcost for methodQLin 2D is domi-

natedby thesingularvaluedecompositionof successive linearsystems,i.e. step2 of

the algorithmshown in table 5. Hence,the computationalcost is roughly given by

thenumberof iterationsmultiplied by thecomputationalcostof methodLin 2D 2, on

which QLin 2D is based.This correspondsto whatcanbeobservedon �gure 4. For

methodsNLin 2D 1 andNLin 2D 2, we observe that the computationalcostof each

Levenberg-Marquardt iterationis dominatedby thecomputationof thedifferentiation

of thecostfunction,andslightly in�uencedby theresolutionof thenormalequations.

ThefactthatNLin 2D 2 hasroughlytwice thecomputationalcostof NLin 2D 1 is ex-

plainedby thefactthatthenumberof termsin thesymmetriccostfunction � � is twice

thatof thecostfunction �

� .

7 Resultson Real Images

We testour algorithmsusingreal images.Two scenariosareconsidered,describedin

thefollowing two sections.

The�rst oneconsiderstwo projective line reconstructionsobtainedfrom a weakly

calibratedstereorig. The overlapbetweenthe two reconstructionsis large and the

recoveredmotionis expectedto beaccurate.A stereoself-calibrationtechniqueis then

appliedto upgradethereconstructionsto metricspace.

The secondscenariois basedon metric reconstructionsobtainedfrom multiple

viewsof anindoorscene.Theoverlapbetweenthetwo reconstructionsis small.Hence,

thealignmentis expectedto beunstable.

7.1 Lar gely Overlapping Reconstructions

We useimagestakenwith a weaklycalibratedstereorig, shown on �gure 5. Weakly

calibratedmeansthat the fundamentalmatrix betweenthe left and right imagesis

known. In practice,we estimateit from point correspondencesusing the maximum

likelihoodestimationtechniquegiven in [26]. Theepipolargeometryis thesamefor

25



both imagepairs. Hence,stereoself-calibrationtechniquescanbe appliedto recover

cameracalibrationfrom thecomputed3D motion. Fromthe fundamentalmatrix, we

pair 1 pair 2

Figure5: The two imagepairsof a ship part usedin the experiments,overlaid with

extractedlines.Notethattheextractedend-pointsdonotnecessarilycorrespond.

de�ne a canonicalreconstructionbasisfor eachpair [20]. This alsogivestheline pro-

jectionmatrices
�

�

�

and
�

�

�

�

. We track21 linesacrossimagesby handandprojectively

reconstructthemfor eachimagepair. Onecanobservethatall linesarevisible in each

of the4 imagesof �gure 5.

Motion estimation. We usethemethodsof
�

5 to estimatetheprojectivemotionbe-

tweenthe two reconstructions,but sincewe have no 3D groundtruth we will only

show the resultof transferringthe setof reconstructedlines from the �rst to thesec-

ond3D frame,usingthe3D line homographymatrix,andreprojectingthem.Figure6

showsthesereprojections,whichcon�rms thatthenon-linearandquasi-linearmethods

achievebetterresultsthanthelinearones.Notethattheresultsappearvisuallyslightly

worsefor methodNLin 2D 2 comparedto methodNLin 2D 1 sincetheformermini-

mizesthe reprojectionerror in both imagesets,while the latter usesonly thesecond

imageset.

We measurethereprojectionerror(in bothimagesets)andcomputationalcostfor

eachmethod:
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Lin 3D Lin 2D 1

Lin 2D 2 QLin 2D

NLin 2D 1 NLin 2D 2

Figure6: The lines transferredfrom the �rst reconstructionandreprojectedonto the

secondimagepair areshown overlaidon theleft imageof thesecondpair in blackfor

differentmethodswhile observedimagelinesareshown in white.
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method reprojectionerror(pixel) computationtime(second)

Lin 3D 3.45 0.16

Lin 2D 1 3.36 0.03

Lin 2D 2 2.83 0.02

NLin 2D 1 2.05 0.15

QLin 2D 1.93 0.09

NLin 2D 2 1.53 0.26

Theseresultscon�rm thoseobservedon �gure 6: non-linearandquasi-linearmethods

achieve betterresultsthan linear ones. The methodswith the lowestcomputational

costsareLin 2D 1 andLin 2D 2, while themethodwith thehighestcomputationalcost

is NLin 2D 2. MethodsLin 3D andNLin 2D 1 have roughlythesamecomputational

cost.

Even if therearesomedifferencesbetweenthemethods,it canbe saidthatall of

themgivea correctresult,i.e. thereprojectionerroris reasonable.

Self-calibration. We use the usual �

�

� homographymatrix estimatedwith the

methodNLin 2D 1 to self-calibratethestereorig usingthemethoddescribedin [14]

with a three-parametercamera(zeroskew andunit aspectratio).

Theusual �

�

� upgradematrix, which convertsa projective point reconstruction

into a metricone,hasthe following form [14], where � is thematrix of intrinsic pa-

rametersof theleft camera,+

�

�!�

�

+

���

 thecoordinatesof theplaneat in�nity in the

reconstructionbasisand � thefocal length:

��� �

;
=

� �

;

�

�

+

� �

@
A

B

whichgivesthe
� � �

3D line upgradematrix as:

�

�
�

�
;=

;

�

�

�

�

�

3��
�

;

�
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+ �
	

�

�
�

;

@A

�

We comparethe intrinsic parametersrecoveredfor the left camerato thoseesti-

matedusingoff-line calibration[9]:
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Figure7: Reconstructedlinesafterself-calibration.

parameter self-calib. off-line calib. % error
�

1514.22 1461.02 3.51
��� 252.93 267.98 5.95

��� 250.68 241.03 3.84

where( �����	��� ) aretheimagecoordinatesof theprincipalpoint.

Figure7 showsdifferentpointsof view of thereconstructionwe obtainedfrom the

�rst pair. We hallucinate3D end-pointsby intersectingtheviewing raysof imageend-

pointswith thereconstructedlinesfrom the�rst pair (weusethosefrom theleft image

of the�rst pair). Qualitatively, theresultseemsto becorrect.

7.2 Slightly Overlapping Reconstructions

We usetwo setsof images,shown on �gures 8 and9, takenwith a calibratedcamera.

For eachimageset,we usepoint correspondencesto get camerapositionsandused

themto reconstruct3D lines,asshown on �gure 10and11.

The observedsceneis composedof two stacksof boxesanda laptop. In the �rst

imageset,theleftmoststackof boxesis not visible,while in thesecondimageset,the

laptopis notvisible. Hence,evenif 40 linesarereconstructedfrom eachimageset,the

overlapis constitutedby 15 linesonly, lying on themiddlestackof boxesandclosely

locatedin space.

We applyour alignmentalgorithmsto thesedata.Theresultsarevisible on �gure

12. Visually, the resultslie in two categories. The linear methodsgive very biased
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Figure8: The�rst setof images,overlaidwith extractedlines.
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Figure9: Thesecondsetof images,overlaidwith extractedlines.
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Figure10: The40 linesreconstructedfrom the�rst setof images.
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Figure11: The40 linesreconstructedfrom thesecondsetof images.
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Figure12: Thetwo reconstructedsetsof lines,from to to bottom:without alignment,

alignmentwith linear methodsand alignmentwith non-linear/quasi-linearmethods.

Theleft columnshowsviews of thereconstructions,while theright columnshows the

reprojectionin anoriginal image.
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results,leadingto badalignment,while the non-linearmethods(including the quasi-

linearone)givereliableresults.

We measurethereprojectionerrorandcomputationalcostfor eachmethod:

method reprojectionerror(pixel) computationtime(second)

Lin 3D 14.49 0.12

Lin 2D 1 15.10 0.02

Lin 2D 2 13.28 0.01

NLin 2D 1 2.95 0.17

QLin 2D 2.91 0.08

NLin 2D 2 1.76 0.31

Thesemeasurementscon�rm thepreviousobservation: the reprojectionerror is of an

orderof 10 pixels for linear methods,which is large,while it is of an orderof a few

pixelsfor non-linear/quasi-linearmethods.Theseresultsareexplainedby thefactthat

only afew line correspondencesareavailableandthatthey arecloselylocatedin space.

8 Conclusions

We addressedtheproblemof estimatingthemotionbetweentwo line reconstructions

in thegeneralprojective case.We usedPlücker coordinatesto represent3D linesand

showedthatthey couldbetransferredlinearly betweentwo reconstructionbasesusing

a
� � �

3D line homographymatrix. Wespecializedthis resultto theaf�ne, metricand

Euclideancases.We investigatedthe algebraicpropertiesof this matrix andshowed

how to extract the usual �

�

� motion matrices(i.e. homography, af�nity or rigid

displacement)from them.

We thenproposedseveral3D andimage-basedestimatorsfor themotionbetween

two line reconstructions.Experimentalresultson both simulatedandreal datashow

thatthelinearestimatorsperformworsethanthenon-linearones,especiallywhenthe

cost function is expressedin 3D space. The non-linearandquasi-linearestimators,

basedon orthogonalimageerrorsgive similar goodresults.Concerningthecomputa-

tionalcost,weshow thatlinearmethodsbasedon2D costfunctionsarenotexpensive,
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Figure 13: Someviews of the reconstructionsalignedwith the non-linearmethod

NLin 2D 2, consistingof 65 linesand14cameras.
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comparedto non-linearmethods,while thelinearmethodbasedon a 3D costfunction

maybeasexpensiveasanon-linearmethod.

More speci�cally, whenthe overlapbetweenthe two reconstructionsis large, as

it can be expectedwhen a continuousimagesequenceis processed,the alignement

obtainedwith linearmethodsis reliable.Hencethesemethodscouldbeusedfor real-

timestereotrackingof lines,in amannersimilar to [6].

A Proofsand Derivations

In thisappendix,we deriveandprovesomeresultsmentionedin this paper.

Perspective projection matrix for lines. Considera line with Plücker coordinates
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 and &
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� �6� &
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 that are

projectedonto � and � respectively by theperspective projectionmatrix
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. Thecor-

respondingimageline is � . Expandingits expressionleadsto theperspectiveprojection

matrix for lines,
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Deriving the 3D line homography matrix. Considera line with coordinates�
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projective basisand Plücker coordinates�
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#( in the secondprojective basis. Expandingthe ex-

pressionsfor +
# and

-

# accordingto the de�nition of Plücker coordinates(1) gives
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The specializationof this result to the af�ne, metric andEuclideanspacesshown in
���

3.2and3.4respectively is straightforward.

Deriving the 20 consistencyconstraints on the 3D line homography matrix. We

prove 20 non-linearconsistency constraintsthatmusthold on theentriesof a 3D line

homographymatrix. Notethat thereexist otherpossibleconstraints.We usethenota-

tion de�ned in
�

3.1.

Considertheproduct
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which is a skew-symmetricmatrix. It meansthat its diagonalentriesvanish,which

correspondsto thefollowing 3 constraintson the3D line homographymatrix:

���

�

; ;

� �

 ���

;

#�� �
 �� 7

B

� � &�� � �

�

�

Note that 3 other constraintscould be derived from this equationbasedon the off-

diagonalentries.
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Similarly, considertheproduct
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As previously, weendupwith askew-symmetricmatrixwhosediagonalentriesvanish,

giving another3 constraints:
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The �rst 12 constraintsarederived. We derive theremaining8 contraintsasfollows.

Considerthefollowing equation:
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After expansionandby usingequation(10) for thelastterm,we obtain:
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Extracting the usual homography matrix fr om the 3D line homography matrix.

To provethecorrectnessof algorithm1 wemayreformthe3D line homographymatrix
�

�

�

correspondingto theextractedusualmotionparameters(givenby equation(3)) and
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verify thateachof its blockscorrespondsto theoriginalblockof
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� , asfollows:
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