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Abstract
We studythe problemof aligning two 3D line reconstructionsn projective, af ne or
Euclideanspace.

We introducethe 3D line motion matrix that actson Plicker coordinates.
We characterizéts algebraigropertiesandits relationto theusual pointmotion
matrix, and proposevariousmethodsfor estimating3D motion from line correspon-
dencespasedon costfunctionsde ned in imagesor 3D space.We assesshe quality

of thedifferentestimatiormethodausingsimulateddataandrealimages.
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1 Intr oduction

Thegoalof this paperisto aligntwo reconstructionsf asetof 3D lines( gure 1). The
recoveredmotionscanbeusedin mary areasf computervision [6, 7, 15].

Lines are widely usedfor tracking[11, 27], for visual serwing [1] or for pose
estimation[18] andtheir reconstructiorhasbeenwell studied(seee.g. [4] for image
detection[22] for matchingand[12, 23, 24, 25| for structureandmotion).

Therearethreeintrinsic dif culties to motion estimationfrom 3D line correspon-
dencesgevenin Euclideanspace Firstly, thereis no globallinearandminimal param-
eterizationfor lines representingheir 4 degreesof freedomby 4 global parameters.
Secondly thereis no universally agreederror metric for comparinglines. Thirdly,
dependingon the representationit may be nontrivial to transfera line betweentwo
differentbases.

In this paper which is an extendedversionof [2], we addresghe problemof mo-
tion computatiorusingline reconstruction$rom images.We assumehattwo setsof
imagesaregivenandindependentlyegistered.We alsoassumehatcorrespondences
of lines betweenthesetwo setsare known. Reconstructindines from eachof these
imagesetsprovidesthetwo 3D line setsto bealigned.

In projective, af ne, metricandEuclideanspacemotionis usuallyrepresentethy

matrices(homographyaf nity , similarity or rigid displacement)with different
numbersof parameterssee[13] for more details. This representatiois well-suited
to pointsandplanesrepresentedsinghomogeneousoordinatesWe call it the usual
motionmatrix.

Oneway to represenBD linesis to usePliicker coordinates.They areconsistent
in that they do not dependon particularpoints or planesusedto de ne aline. On
the otherhand transferringaline betweerbasess not direct(onemusteitherrecover
two pointslying onit, transferthemandform their Pliicker coordinatesor transform
the skew-symmetricPlicker matrix representatinghe line). The problemwith
the Pliicker matrix representatiois thatapplyingthemotionis quadratidn the entries
of the usualmotion matrix which thereforecan not be estimatedinearly from line

matches.
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Figure 1: Our problemis to align two correspondindine reconstruction®sr, equia-

lently, to estimatehe motionbetweerthe camerasets.



To overcomethis, we deriveamotionrepresentatiothatis well-adaptedo Plicker
coordinatesn thatit transfersthem linearly betweenbases. The transformationis
representetly a matrix thatwe call the 3D line motionmatrix. We characterize
its algebraicpropertiesn termsof the usualmotion matrix. The expression®btained
werepreviously known in the Euclideancase[21]. We alsodealwith projective and
afne spacesWe give a meanf extractingthe usualmotionmatrix from the 3D line
motion matrix. A givengeneral matrix canthenbe correctedsothatit exactly
represents motiont.

Using this representationywe derive several estimatorsfor 3D motion from line
reconstructionsThe motionallows linesto betransferredrom the rst reconstruction
into the secondone. Costfunctionscanthereforebe expresseckitherdirectly in the
secondreconstructiorbasisusing 3D entitiesor in image-relatedjuantities,in terms
of theobsenedandreprojectedinesin the secondsetof images.

Our rst methodis basenthedirectcomparisorof 3D Pliicker coordinatesTwo
othermethodsare basedon algebraicdistancesetweenreprojectedines and either
obsened lines or points lying on them (suchas their end-points). A matrix
is recoveredlinearly, thencorrectedso thatit exactly represents motion. A fourth
methodusesa morephysicallymeaningfulcostfunctionbasedn orthogonadistances
betweerreprojectedinesandpointslying on measuredines. This requiresnon-linear
optimizationtechniqueshatneedaninitialization providedby e.g.oneof theproposed
linearmethods We alsoproposea meango quasi-linearlyoptimizethis costfunction,
which doesnot requirea separaténitialization method.

2 givessomepreliminariesand our notations. We introducethe 3D line motion
matrixin 3 andshav in 4 how to extractthe usualmotion matrix fromit. 5 shavs
how thesetechniguesanbe usedto estimatethe motionbetweertwo reconstructions
of 3D lines. We validateour methodson both simulateddataandrealimagesin = 6

and7 respectiely, andgive our conclusionsn 8.

1Comparethis with the caseof fundamentamatrix estimatiorusingthe 8 point algorithm: the obtained

matrixis correctedsothatits smallestsingularvaluebecomegzero[13].



2 Preliminaries and Notations

Wemalke noformaldistinctionbetweercoordinatesectorsandphysicalentities.Equal-

ity upto anon-nullscalefactoris denotedby , transpositiorandtransposednverse

by and , andtheskew-symmetric matrix associatedvith the crossproduct
by ,ie. . Vectorsaretypesetusingboldfonts( , ), matricesusing
sans-serifonts( , , ) andscalardn italics. Everythingis representeéh homoge-

neouscoordinatesBarsrepreseninhomogeneoukeadingpartsof vectorsor matrices,

e.g. .Weuse todesignatehe -normof vector .

Plicker line coordinates. Giventwo 3D points and ,
one canform the Plicker coordinatesof the line joining them as a 6-vector

de ned upto scale[13]:

1)

Note that otherchoicesof constructings-vectorsof Pliicker coordinatesare possible.
Every choicegoeswith a bilinear constraintthat 6-vectorshave to satisfyin orderto
represenvalid line coordinates.For our de nition, the constraintis . An

alternatve representatiois the Plucker matrix , whichisrelatedto via:

andto pointcoordinatedy:

Thisis a skew-symmetricrank-2 matrix.

Usual motion representation. Transformationsn projective, af ne, metricandEu-
clideanspacesare usually representedy matrices. In the generalprojective
casethe matricesare unconstrainedwhile in the af ne, metric and Euclideancases
they have thefollowing forms,where isa rotationmatrix andthe otherblocks

do nothave ary specialform:



projectie: afne: metric: Euclidean:
homography af nity similarity displacement
This block partitioningof , , and will beusedto de ne the correspondin®D

line motionmatricesn 3.

Camerasettings. We considertwo setsof independentlyegisteredcamerasin the
projective space,without loss of generality we can expresseachsetin a canonical
reconstructiorbasis[20], andin particular we cansetreferencecamerase.g.the rst

onesto:

where and arethereferencecameraf the rst andthe secondsetrespectiely,
thatwecall the r standthesecondefeencecamens Let bethe usualhomog-
raphymatrix mappingpointsfrom the rst basisto thesecondneand
the referencecameraof the secondsetexpressedn the rst basis. Thesenotations
areillustratedon gure 2. We denoteby and the planeswith coordinates
of thetwo reconstructionsin af ne, metric or Euclideanreconstructions,
theseare the planeat in nity , while in projective reconstructionsthey will in gen-
eral correspondo two nite planes.Let be the planein the rst reconstruction
correspondingo . We also make use of the lines and lying on

and respectiely andrelatedby . In particulay

Letusgive ageometricalnterpretatiorof thecomponentsf . Thiswill beuseful
to subsequentlinvestigatehecorrespondingropertiesof the 3D line motionmatrices

in 3. Thefundamentammatrix[19] betweerthereferenceviewsis givenby:



Figure2: Camerasettings. is theperspectie projectionmatrixfromthe rst basisto
the rst referencecameraand from thesecondasisto thesecondeferenceamera.
is the projectionmatrix of the secondreferencecameraexpressedn the rst basis,
i.e. it projectspointsexpressedn the rst basisin thesecondeferencecamera. and
areassume#tnovnwhile , whichdepend®nthemotionparameterdss unknown.

Thesesettingscanbe easilytransposedbo theaf ne, metricandEuclideancases.



Indeedwe have since:

Theseresultsmaybeeasilyspecializedo theaf ne, metricandEuclideanspacesThe

otherpartsof canbeinterpretechsfollows:

is the 2D planehomographyfor pointsbetweerthe referenceviews induced
by theplane . Indeed,let usconsider . Onecaneasilycheckthat
where isthecorrespondingointin the rst referencemageand

. Hencejf we dealwith af ne, metricor Euclidearreconstructions,

then isthein nite homography13] betweerthetwo referenceriews;

containsthecoordinate®f the seconcepipolesince:

containsthe coordinatef the planeatin nity of the second
basisexpressedn the rst basis.Indeed,

Perspective projection matrix for lines. With ourchoiceof Pliickercoordinategl),

theimageprojectionof aline [8, 13] becomeghe lineartransformation :

)
where is the perspectie cameramatrix. This resultcanbe easily
demonstratetly nding theimageline joining the projectionsof two pointsonthe 3D
line. An explicit proofis givenin the appendix.Speci ¢ formsfor af ne camerasand

calibratedperspectie camerasrestraightforvardto derive.

3 The 3D Line Motion Matrix

In this section,we de ne and examinethe propertiesof the 3D line motion matrix

for the projective spacerst andthenspecializeit to the af ne, metricandEuclidean



spacesespectiely.

3.1 The 3D Line Homography Matrix

ThePludker coordinatesof a line, expressedn two differentbasesare linearly linked.
The matrix thatwecall the3D line homographymatrix describeghetransfor

mationin the projectivecaseandcanbe parameterizeds:

3
whee is the usual homaraphy matrix for points. If are
Pludker line coordinates(i.e. ), then  are the Pludker coordinatesof the
transformedine (i.e. satis esthebilinear Pludker constaint).

The proof of this resultis providedin theappendix.Notethat isa matrix

de ned upto scaleandsubjectto 20 non-linearconstraintsincethe projective motion
has15 degreesof freedom. Otheralgebraicpropertiesdirectly follow from equation

(3). Firstly, thedeterminanbf canbeexpressedn termsof thatof as:

which meanghatif is full-rank, then is alsofull-rank. Secondlylet denotethe

3D line motionmatrix correspondingo theusualmotionmatrix . Then:

Thesepropertiescanbeeasilyveri ed usingary linearalgebrasymbolicmanipulation
softwaresuchasMAPLE.

Consistencyconstraintson . Let besubdvidedin blocksas:

10



By , wedenotehe -throwof matrix  andby its -th column.We express

the 20 non-linearconsisteng constraintshatmustholdon  asfollows:

A detailledderivationis givenin theappendix.Notethatthesecontraintsarebilinearin
theentriesof . Theseconstraintareimportantin thatthey characterizéhealgebraic

structureof a 3D line homographymatrix.

Geometricinterpretation of

the upperleft block is the 2D plane homayraphyfor lines,
betweertherefeenceviews,inducedby . Thisfollowsfrom the obsenation
madein 2 that is the correspondingplane homographyacting on
points.

theuppetright block is thefundamentamatrix betweerntherefeence
views i.e. . Indeed, (cf 2).

theupper block is the perspectiveprojectionmatrix for Plicker

line coodinatesfromthe r stbasisto the secondefeenceview. Indeed,

where corresponddo the perspectie projectionmatrix (2) for Plicker line
coordinategl) and istheperspectie projectionmatrix from the rst basisto

thesecondeferenceriew (see gure 2).

11



the lower-left block is a degenemte line-to-pointhomay-
raphy betweerthe refelenceviews which canbe interpretedasfollows. Let

beanimageline in the rst referenceview. Theintersectiorof andtheline of

equation isapoint . Thebackprojectiorof onto lieson
andis givenby . Its correspondingointin thesecondeconstruc-
tion lies thereforeon andis givenby with

Projecting into the secondeferenceview gives nally

So, is somehwv reciprocako afundamentaimatrix thatmapspointsto lines.
Whereasa fundamentamatrix givesmatchingconstraintfor imagepoints,
doesnotgive any matchingconstraintdor generalines(therearenonebetween

two views).

the lowerright block is the 2D plane homaraphy for points, in-
ducedby (expressedn the secondbasis),betweertherefelenceviews In-
deed,we have shovn that is a planehomographyand  the secondepipole
correspondingo the pair of referenceviews. Using the formulation of [20],
is the 2D planehomographynducedby the plane ,
which arethe coordinatef the planeatin nity of the secondbasisexpressed

in the rst one.

the lower block transfes a line  fromthe r st basisto the
secondneandprojectsits intersectionpointwith into thesecondefeence
view. Thiscanbeseenasfollows. with is the

pointatin nity of which projectsto  in thesecondeferenceriew.

3.2 The 3D Line Af nity Matrix

For af ne reconstructionsthe 3D line motion matrix hasthe following form and we

call it the3D line af nity matrix:

(4)

12



Thisresultis obtainedby specializingthe 3D line homographymatrix (3). Thege-

ometricinterpretatiorof this matrix s very similar to the projective case.In particular
is the homographyat in nity betweenthe two referenceviews. Note thata

matrix de ned up to scalerepresentin@naf nity is subjectto 23 constraintsmary of

thembeinglinearor bilinear.

3.3 The 3D Line Similarity Matrix

In metricspacethe3D line motionmatrix hasthefollowing formandwecall it the3D

line similarity matrix:

()

This resultis obtainedby specializingthe 3D line homographymatrix (3). The
geometridnterpretatiorof this matrixis straightforvard. The upperright block
is theessentiamatrix betweerthereferenceviews while the othertwo non-zero
blocks give the rotation matrix betweenthe referencecamerasaswell asthe
relative scaleof the two reconstructionsNotethata matrix de ned up to scale

representin@ similarity is subjectto 28 constraints.

3.4 The 3D Line DisplacementMatrix

In Euclideanspacethe3D line motionmatrix hasthefollowing formandwecall it the

3D line displacemenmatrix:

(6)

This resultis obtainedby specializingthe 3D line homographymatrix (3). It co-
incideswith thatobtainedin [21]. The geometricinterpretationof this matrix is very
similarto the metriccase Notethatanhomogeneous matrix representin@rigid

displacemenis subjectto 29 constraints.

13



4 Extracting the UsualMotion Matrix fromthe 3D Line

Motion Matrix

Givena 3D line motionmatrix, onecanextractthe correspondingnotionparam-
eters,.e. theusual motionmatrix. In this sectionwe shov how to extractausual
motionmatrix from a 3D line motionmatrixin projectve,af ne, metricandEuclidean
spacesWe alsogive solutionsfor the casesvherethe matrix considereds cor-

ruptedby noiseandthereforedoesnot exactly correspondo a motion, i.e. it differs
from theforms(3), (4), (5) or (6).

4.1 Projective Space

We give an algorithmfor the noise-freecasein table 1. Its simple proofis givenin
the appendix.In the presencef noise, doesnot exactly satisfythe constrainty3)
andsteps2-4 haveto beachievedin aleastsquaresensdseebelow). Fromthere,one
canfurtherimprove theresult,e.g. by non-linearminimizationof the Frobeniusnorm
betweerthe given (inexact) line homographymatrix andthe onecorrespondingo the

recoveredusualmotionparameters.

Let besubdvidedin blocksas:

1. :compute
2. :compute

3. :compute

4. :compute via

Tablel: Extractingthehomographynatrix from the 3D line homographymatrix. Note

thatextractedvaluesarede ned up to a globalchangeof sign.

We give oneway to performa leastsquare®stimation.Otheralgorithmsmight be

possible Steps?2 and3 requireto t askew-symmetric -matrix toageneral

14



matrix . Thefollowing solutionminimizesthe Frobeniusorm of
- . Step4 requiresto t ascaled
identity matrix  to ageneral -matrix . Thefollowing solutionminimizesthe

Frobeniushormof : -

4.2 Afne Space

We give astraightforvardalgorithmin table2. Thisalgorithmis valid for thenoise-free

case For thenoisy case pnecanmodify the proposedstepsasfollows.

Let besubdvidedin blocksas:
1. :compute

2. . compute

Table2: Extractingtheaf nity matrixfrom the3D line af nity matrix.

For stepl, canberecoveredfrom aswell as . Their average possibly
weighted,can be usedto recover . Step2 canbe conductedasindicatedfor the

projective casein the previoussection.

4.3 Metric Space

We give analgorithmfor the noise-freecasein table3. For the noisy case onemight

Let besubdvidedin blocksas:
1. normalize suchthat ;
2. :compute ;

3. :compute ;

4. :compute

Table3: Extractingthe similarity matrix from the 3D line similarity matrix.

15



averagethetwo versionsof  availablefrom as andcorrect
theresultsothatthe obtainedmatrix exactly representa rotationby usinge.g.[16] or
where is thesvD (SingularValueDecompositionpf . Step4

canbeachievedasindicatedfor theaf ne andprojective cases.

4.4 Euclidean Space

We give an algorithmfor the noise-freecasein table4. For the noisy case onemight

Let besubdvidedin blocksas:
1. normalize suchthat ;

2. . compute ;

3. . compute

Table4: Extractingthe displacemeninatrix from the 3D line displacementatrix.

averagethe two versionsof — availablefrom as andcorrect
theresultsothatthe obtainedmatrix exactly representa rotationasin themetriccase.

Step3 canbeachievedasindicatedfor theaf ne andprojective cases.

5 Aligning Two Line Reconstructions

We now describehow the 3D line motion matrix canbe usedto align two setsof
correspondin@D lines expressedn Plucker coordinates We examinethe projective
casebut themethodcanalsobeusedfor af ne, metricor Euclidearframes.We assume
thatthe two setsof camerasreindependentlyweakly calibrated,.e. their projection
matricesare known up to a 3D homographyso that a projective basisis attachedo
eachset[20]. Linescanbe projectiely reconstructedh thesetwo bases.Our goalis
to alignthese3D linesi.e. to nd the projectve motion betweenthe two basespsing

theline reconstructions.

16



5.1 General Estimation Scheme

Estimationis performedby nding where isthecostfunctionconsidered.
The scaleambiguityis removed by usingthe additionalconstraint . Non-
linearoptimizationis performeddirectly ontheusualmotionparametergthe 16 entries
of andusingthe constraint ) whereagthe other estimatorsdeterminean
approximate3D line homographymatrix  rst, thenrecoverthe usualhomography
matrix usingthealgorithmin table1. Theemployedcostfunctionsarenon-symmetric,

takinginto accountheerrorsonly in thesecondsetof images.

5.2 Estimation Basedon a 3D CostFunction

Our rst alignmentmethodis “Lin_3D". Oneof the dif culties of using3D linesfor
motion estimationis that thereis no universallyagreederror metric betweentwo 3D
lines. For that reason,we proposeonly one estimatorbasedon 3D entities. This
estimatoris basedon a direct comparisorof Pliicker coordinates.A measureof the

distancebetweertwo 3D lines and is givenby:

It canbeconstructedisfollows. Considerthe matrix f and
areidentical,all entriesof vanish. Therefore, ——, where is
the Frobeniugmatrix norm,canbe usedasadistancaneasurédetween and

Thedistance  inducesthefollowing costfunction:

where isthe -threconstructedine in the -th basis( ) and
is theestimatedine aftertransferfrom the rst to thesecondasis.
Finding thatminimizes is alinearleastsquaregproblem.Concretelyit may

besolvedby nding thenull-vectorof a matrix, usinge.g. svD.

17



5.3 Estimation Basedon 2D (Image-Related)Cost Functions

The following costfunctionsare basedon minimizing discrepancie®etweenrepro-
jectedlines andlines extractedin images.Concretelywe considerthe projectionsin
the secondsetof images,of 3D linesin the rst set, aftertransferusingthe to be
estimated.The discrepang of thesereprojectedines and obsered onesis measured
by comparing?D linesdirectly or by computingthe distancebetweerreprojectedines
andpointson obsered ones. The following costfunctionsare expressedn termsof
obsenedimagelines,their end-pointsor anarbitrarynumberof pointsalongtheline,
andreprojectedinesin thesecondsetof images.Thesepointsneednotbecorrespond-
ing points.

If end-pointsarenot availablethenthey canbe hallucinatedge.g. by intersecting
theimagelineswith theimageboundariesThe linear andquasi-lineamethodsneed
atleast7 linesto solve for the motion while the non-linearoneneedss (which is the
minimumnumber)but requiresaninitial guess.

We derive ajoint projectionmatrix mappinga 3D line to a setof imagelinesin the
seconcsetof imagesLet  betheprojectionmatricesnfthe  imagescorresponding
to the secondsetof cameragexpressedn the secondasis)and  thecorresponding

line projectionmatrices(cf equation(2)). Similarly,let and  bethepoint

andline projectionmatricesfor the rst setof cameragexpressedn the rst basis).

Linear estimation 1. Our secondalignmentmethod“Lin_2D_1" directly usesthe
line equationsn theimages.End-pointsneednot be de ned. We de ne analgebraic
measuref the distancebetweerntwo imagelines and by . This
distancedoesnot have ary direct physicalmeaning,but it is zeroif thetwo linesare
identicaland simplein thatit is bilinear If and hadunit normandif they were
interpretedasvectorsin Euclidean3D spacethen would betheabsolutevalue
of thesineof theanglebetweerthem.

This distancanducesthe costfunction:

18



where isthe -th obsenedline in the -th imageof thesecondsetand thecor
respondingeprojection: . We normalizeobsenedimagelines suchthat
. Finding thatminimizes is alinearleastsquaregproblemthatmaybe

solvedby computingthe null-vectorof a matrix usinge.g.svD.

Linear estimation2. Ourthird method*Lin_2D_2" usespointslying onthelinesin
the secondmagesetandthe algebraicdistance betweeranimage
point andaline . Thisdistancenvould have a physicalmeaningj.e. the orthogonal
distancebetween and , if they werenormalizedsuchthat and

If we considerthe end-points and  of eachline of the -th imageof the

secondmageset,this givesthe costfunction:

Onecanobsene that an arbitrary numberof points could be incorporatedn  in a
straightforvardmanner Finding thatminimizes s alinearleastsquaregroblem
that may be solved by computingthe null-vectorof a matrix usinge.g.

SvD.

Non-linear estimation 1. Our fourth method“NLin_2D_1" usesa geometricalkost
functionbasednthe orthogonaklistanceébetweernreprojectedD linesandtheir mea-

suredend-pointd17], de ned as — (provided ):

This is non-linearin the reprojectedines  and consequentlyn the entriesof
which implies the useof non-linearoptimizationtechniques.We usethe Levenbeg-
Marquardialgorithm[10] with numericaldifferentiation.Theunknovnsareminimally
parameterize@we optimizedirectly theentriesof , not ), sonosubsequentorrec-

tion is neededo recorerthe motionparameters.

Quasi-linear estimation. Thedrawvbacksof non-linearoptimizationarethattheim-

plementatiormaybe complicated For thesereasonsye alsodevelopeda quasi-linear

19



estimatorQlin_2D” thatminimizesthe samecostfunction . Consideithecostfunc-
tions and . Both dependon the samedata,measuredmagepointson the line
(suchasend-pointsiandreprojectedines, theformerusinganalgebraicandthe latter

theorthogonalistance We canrelatethesedistancedy:

where — (7

andrewrite  as:
(8)
The non-linearityis hiddenin the weightfactors . If they were known, the cost

functionwould be a sumof square®f termsthatarelinearin the entriesof . This
leadsto the following iterative algorithm. Weights,assumedinknown, areinitialized
to unity anditeratively updated.The loop is endedwhenthe weightsor equivalently
the residualerrorscorverge. The algorithmis summarizedn table5. It is a quasi-
linear optimizationthat corvergesfrom the minimizationof an algebraicerrorto the
geometricabne.lts mainadvantagesrethatit is simpleto implement(asaloop over

alinearmethod)andthatit givesreliableresultsaswill beseenin the next sections.

1. initialization: set  =1;

2. estimation estimate using standardweightedleastsquaresithe

matrix obtaineds correctedsothatit representa motion,seealgorithm1;

3. weighting use to updatetheweights  accordingo equation(7);

4. iteration: iteratesteps? and3 until corvergence(seetext).

Table5: Quasi-lineamotionestimationfrom 3D line correspondences.

Non-linear estimation2. Thecostfunction employedin methodsNLin_2D_1 and
QLin_2D is expresseanly in termsof entitiesof the secondsetof imagesHenceiit is

not symmetricwith respecto thetwo setsof images.Our sixth method“NLin_2D_2"

20



is basedon a costfunction , similarto , but thatis symmetricwith respecto the
two setsof images.

Let and designateheend-pointof line inthe -thimageof the rst set.
In orderto write theexpressiorof , we needthelines  projectedn the rst image
set,aftertransferfrom the secondbasis.They aregivenby . Thecost

function canthenbeexpresseas:

(9)

This is a non-linearfunction. As for methodNLin_2D_1, we optimize the entriesof
usingthe Levenbeg-Marquard algorithmwith numericaldifferentiation. At each
optimizationstep,we form matrix . We do not computedirectly the inverseof the
matrix to get , but we rathercomputethe matrix andform the

correspondin@D line homographymatrix, whichis

Other costfunctions. Otherdistancemeasurebetweenmagelines have beenpro-
posedin the literature. In [24], the authorsproposedhe total squareddistance,i.e.
the sum of squaredorthogonaldistancesalongtwo line sggments. In [25], the over-
lap betweenline segmentsis considered. Thesedistancescould be usedfor motion
estimationwithin the above describedramework, requiringnon-linearoptimization.
It would alsobe possibleto usea symmetriccostfunction,i.e. overthetwo setsof

imagesasin [5] for thecaseof points.

Singularities. It hasbeenshowvn thatthereexist critical setsof 3D lines[3]. In the
caseof motion estimationfrom 3D line correspondence$?1] shows that thesesets
maycontainanin nite numberof lines. For example,if all obseredlinesarecoplanay
motionestimations ambiguousWe did notencountesucha singularsituationduring

our experiments.
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6 ResultsUsing Simulated Data

We rst compareour estimatorausingsimulateddata. The testbenchconsistsof four
cameraghat form two stereopairs observinga set of 3D lines randomly
chosenn aspherdying in the elds of view of all camerasLinesareprojectedonto
theimageplanesgnd-pointsarehallucinatedattheimageboundariesndcorruptedoy
additive Gaussiamoise,andthe equation®f theimagelinesareestimatedrom these
noisyend-points.

A canonicalprojective basis[20] is attachedo eachcamerapair and usedto re-
constructhelinesin projective space We thencomputethe 3D homographybetween
thetwo projective baseausingthe estimatorgyivenin 5. We assesshe quality of an
estimatedmotion by measuringhe RMs (RootMeanSquare)of the Euclideanrepro-
jection error (orthogonaldistancesbetweenreprojectedines and end-pointsin both
imagepairs). This correspondso the symmetriccostfunction  (equation(9)) mini-
mizedby thenon-linearalgorithmNLin_2D_2. We alsomonitorthecomputationatost

of eachmethod.We shav medianresultsover 100trials.

Accuracy. Figure3 shavstheerrorasthelevel of addedhoisevaries.Thenon-linear
methodis initialized usingthe quasi-lineaione(aninitialization from Lin2_2D_2 gives
similar results). We obsene thatthe methodsLin_3D (basedon an algebraicdistance
betweerBD Plucker coordinates)l.in_2D_1 andLin_2D_2 performworsethantheoth-
ers. Thisis dueto the factthatthe costfunctionsusedin thesemethodsarenot phys-
ically meaningfulandbiasedcomparedo . MethodQLin_2D givesresultscloseto
thoseobtainedusingNLin_2D_1. It is thereforea goodcompromisebetweerthelinear
andnon-lineamethodsachieving goodresultswhile keepingsimplicity of implemen-
tation. However, we obsenredthatin afew casegabout4%), the quasi-lineamethod
doesnotenhanceheresultobtainedby Lin_2D_2 while NLin_2D does.QLin_2D esti-
matesmoreparametershannecessarandthis may causenumericalinstabilities. The
methodthat bestminimizesthe reprojectionerroris NLin_2D_2. This resultscould

have beenexpectedsincethis methodconsistan minimizing thereprojectionerror,
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Computational cost. Figure4 shavs the computationakostasthe level of added
noise varies. Theseresultshase beenobtainedusing our C implementation,on a

850 Mhz. Pentiumlll PC runningunderWindows. As expected,the linear meth-
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Figure4: Comparisorof the computatiortime versusaddedmagenoisefor different
motionestimatorsThe orderof methodsn thelegendcorrespondso the curvesfrom
topto bottom.

ods(Lin_2D_1, Lin_2D_2 andLin_3D) give constantresults,i.e. thatdo not depend
uponthe level of addednoise. Note that for thesemethods,the computationakost
is dominatedby the singularvalue decompositiomeededo solve the linear system.
Hence the computationatostis directly linkedto the sizeof thelinearsystemassoci-
atedto the method.This explainsthatmethodLin_3D, with a linearsystem
to solve, hasa muchhighercomputationatostthanmethodd.in_2D_1 andLin 2D_2
which have respectiely and systemdo solve.
Ontheotherhand,non-lineamethodgQLin_2D, NLin_2D_1 andNLin_2D_2) give

resultsdependingnthe addednoiselevel. Indeed thenoiselevel in uencesthenum-
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ber of iterationsneededby the methodto corvergenceand hence,the computational
cost. As for linear methods,the computationalcost for methodQLin2D is domi-
natedby the singularvaluedecompositiorof successie linear systemsij.e. step2 of
the algorithmshawn in table 5. Hence,the computationakostis roughly given by
the numberof iterationsmultiplied by the computationatostof methodLin_2D_2, on
which QLin_2D is based.This corresponds$o what canbe obsenedon gure 4. For
methodsNLin_2D_1 andNLin_2D_2, we obsene thatthe computationatostof each
Levenbeg-Marquadtiterationis dominatedby the computatiorof the differentiation
of the costfunction,andslightly in uenced by the resolutionof the normalequations.
ThefactthatNLin_2D_2 hasroughlytwice the computationatostof NLin_2D_1 is ex-
plainedby the factthatthe numberof termsin the symmetriccostfunction s twice

thatof the costfunction

7 Resultson RealImages

We testour algorithmsusingrealimages.Two scenariosare considereddescribedn
thefollowing two sections.

The rst oneconsiderdwo projective line reconstructionsbtainedfrom aweakly
calibratedstereorig. The overlap betweenthe two reconstructionss large and the
recoveredmotionis expectedo beaccurateA sterecself-calibratiortechniqueas then
appliedto upgradethe reconstructiongo metricspace.

The secondscenariois basedon metric reconstruction®btainedfrom multiple
viewsof anindoorsceneTheoverlapbetweerthetwo reconstructions small. Hence,

thealignmentis expectedio beunstable.

7.1 Largely Overlapping Reconstructions

We useimagestakenwith a weakly calibratedstereorig, shavn on gure 5. Weakly
calibratedmeansthat the fundamentalmatrix betweenthe left and right imagesis
known. In practice,we estimateit from point correspondencessing the maximum

likelihoodestimationtechniquegivenin [26]. The epipolargeometryis the samefor
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bothimagepairs. Hence,stereoself-calibrationtechniquesanbe appliedto recover

cameracalibrationfrom the computed3D motion. From the fundamentamatrix, we

pair1

Figure5: The two imagepairsof a ship partusedin the experiments,overlaid with

extractedlines. Note thatthe extractedend-pointsdo not necessarilyorrespond.

de ne a canonicakeconstructiorbasisfor eachpair [20]. This alsogivestheline pro-
jectionmatrices and . Wetrack21 linesacrosimagesby handandprojectively
reconstructhemfor eachimagepair. Onecanobsenethatall linesarevisiblein each

of the4 imagesof gure 5.

Motion estimation. We usethemethodsf 5 to estimatethe projective motionbe-
tweenthe two reconstructionsbut sincewe have no 3D groundtruth we will only
shaow theresultof transferringthe setof reconstructedines from the rst to the sec-
ond 3D frame,usingthe 3D line homographymatrix, andreprojectingthem. Figure6
shavsthesereprojectionsywhich con rms thatthenon-linearandquasi-lineamethods
achieve betterresultsthanthelinearones.Notethattheresultsappeawisually slightly
worsefor methodNLin_2D_2 comparedo methodNLin_2D_1 sincethe former mini-
mizesthe reprojectionerrorin bothimagesets,while the latter usesonly the second
imageset.

We measurehereprojectionerror (in bothimagesets)andcomputationatostfor

eachmethod:
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Figure6: Thelinestransferredrom the rst reconstructiorandreprojectednto the
secondmagepair areshovn overlaidon theleft imageof the secondpairin blackfor

differentmethodswhile obsenedimagelinesareshavn in white.
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method reprojectiorerror(pixel) | computatiortime (second)
Lin_3D 3.45 0.16
Lin.2D_1 3.36 0.03
Lin.2D_2 2.83 0.02
NLin.2D_1 2.05 0.15
QLin_2D 1.93 0.09
NLin_2D_2 1.53 0.26

Theseresultscon rm thoseobseredon gure 6: non-linearandquasi-lineamethods
achieve betterresultsthanlinear ones. The methodswith the lowestcomputational
costsareLin_2D_1 andLin_2D_2, while themethodwith thehighestcomputationatost
is NLin_2D_2. MethodsLin_3D andNLin_2D_1 have roughly the samecomputational
cost.

Evenif therearesomedifferencedetweernthe methodsjt canbe saidthatall of

themgive acorrectresult,i.e. thereprojectionerroris reasonable.

Self-calibration. We usethe usual homographymatrix estimatedwith the
methodNLin_2D_1 to self-calibratethe stereorig usingthe methoddescribedn [14]
with athree-parametaramergzeroskew andunit aspectratio).

The usual upgradematrix, which corvertsa projective point reconstruction
into a metric one, hasthe following form [14], where is the matrix of intrinsic pa-
rameterf theleft camera, thecoordinate®f the planeatin nity in the

reconstructioasisand thefocal length:

which givesthe 3D line upgradematrix as:

We comparethe intrinsic parametersecoveredfor the left camerato thoseesti-

matedusingoff-line calibration[9]:
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Figure7: Reconstructetinesafterself-calibration.

parameter| self-calib | off-line calib. | % error
1514.22 1461.02 3.51

252.93 267.98 5.95
250.68 241.03 3.84
where( ) aretheimagecoordinate®f the principal point.

Figure7 shows differentpointsof view of the reconstructionwe obtainedrom the
rst pair. We hallucinate3D end-pointsiy intersectingheviewing raysof imageend-
pointswith thereconstructedinesfrom the rst pair (we usethosefrom theleftimage

of the rst pair). Qualitatively, theresultseemso becorrect.

7.2 Slightly Overlapping Reconstructions

We usetwo setsof imagesshavn on gures 8 and9, takenwith a calibratedcamera.
For eachimageset, we usepoint correspondencet® get camerapositionsand used
themto reconstrucBD lines,asshavn on gure 10and11.

The obsenedscends composedf two stacksof boxesanda laptop. In the rst
imageset,theleftmoststackof boxesis notvisible, while in the secondmageset,the
laptopis notvisible. Hence evenif 40linesarereconstructedfom eachimageset,the
overlapis constitutedoy 15 linesonly, lying onthe middle stackof boxesandclosely
locatedin space.

We applyour alignmentalgorithmsto thesedata. The resultsarevisible on gure

12. Visually, the resultslie in two categories. The linear methodsgive very biased
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Figure8: The rst setof imagespverlaidwith extractedlines.
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Figure9: Thesecondsetof imagespverlaidwith extractedlines.
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Figure10: The40linesreconstructedrom the rst setof images.
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Figurell: The40linesreconstructedrom the secondsetof images.
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Figure12: Thetwo reconstructedetsof lines,from to to bottom: without alignment,
alignmentwith linear methodsand alignmentwith non-linear/quasi-lineamethods.

Theleft columnshaws views of thereconstructionsyhile theright columnshaows the

reprojectionin anoriginalimage. 34



results,leadingto badalignment,while the non-linearmethods(including the quasi-
linearone)give reliableresults.

We measurdhereprojectionerrorandcomputationatostfor eachmethod:

method reprojectiorerror(pixel) | computatiortime (second)
Lin_3D 14.49 0.12
Lin.2D_1 15.10 0.02
Lin_2D_2 13.28 0.01
NLin_2D_1 2.95 0.17
QLin_2D 291 0.08
NLin_2D_2 1.76 0.31

Thesemeasurementson rm the previous obsenation: the reprojectionerroris of an
orderof 10 pixelsfor linear methodswhich is large, while it is of anorderof a few
pixelsfor non-linear/quasi-lineanethods . Theseresultsareexplainedby thefactthat

only afew line correspondenceseavailableandthatthey arecloselylocatedin space.

8 Conclusions

We addressethe problemof estimatingthe motion betweerntwo line reconstructions
in the generalprojective case.We usedPliicker coordinatego represen8D linesand
shavedthatthey couldbetransferredinearly betweertwo reconstructiorbasesising
a 3D line homographymatrix. We specializedhis resultto theaf ne, metricand
Euclideancases.We investigatedhe algebraicpropertiesof this matrix and shoved
how to extract the usual motion matrices(i.e. homographyaf nity or rigid
displacementjrom them.

We thenproposedsereral 3D andimage-basee@stimatorsor the motion between
two line reconstructions Experimentakesultson both simulatedandreal datashov
thatthelinearestimatorperformworsethanthe non-linearones,especiallywhenthe
costfunction is expressedn 3D space. The non-linearand quasi-linearestimators,
basedon orthogonalimageerrorsgive similar goodresults.Concerninghe computa-

tional cost,we shav thatlinearmethodsasecbn 2D costfunctionsarenot expensve,
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Figure 13: Someviews of the reconstructionsalignedwith the non-linearmethod

NLin_2D_2, consistingof 65 linesand14 cameras.
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comparedo non-lineamethodswhile thelinear methodbasedon a 3D costfunction
may be asexpensve asa non-lineamethod.

More speci cally, whenthe overlap betweenthe two reconstructionss large, as
it can be expectedwhen a continuousimage sequenceés processedthe alignement
obtainedwith linear methodss reliable. Hencethesemethodscould be usedfor real-

time sterearackingof lines,in amannersimilarto [6].

A Proofsand Derivations

In this appendixwe derive andprove someresultsmentionedn this paper

Perspective projection matrix for lines. Considera line with Plicker coordinates
de ned by two points and thatare

projectedonto and respectiely by the perspectie projectionmatrix . Thecor

respondingmagelineis . Expandingts expressiorieadsto the perspectie projection

matrix for lines, as:

where

Deriving the 3D line homography matrix. Consideraline with coordinates

de ned by two points and in the rst
projective basisand Pliicker coordinates de ned by points
and in the secondprojective basis. Expandingthe ex-

pressiondor and accordingto the de nition of Plucker coordinateq1) gives
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respectiely the upperandlower partsof

The specializationof this resultto the af ne, metric and Euclideanspacesshaovn in

3.2and3.4respectiely is straightforvard.

Deriving the 20 consistencyconstraints on the 3D line homography matrix. We
prove 20 non-linearconsisteng constraintshat musthold on the entriesof a 3D line
homographymatrix. Notethatthereexist otherpossibleconstraints We usethe nota-
tionde nedin 3.1.

Considerthe product . Its expansionleadsto:

which is a skew-symmetricmatrix. It meansthatits diagonalentriesvanish,which

correspondso thefollowing 3 constraint®n the 3D line homographymatrix:

Note that 3 other constraintscould be derived from this equationbasedon the off-

diagonalentries.
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Similarly, considerthe product . Its expansioneadsto:

wherewe usedtherule:
(10)

As previously, we endup with askew-symmetricnatrixwhosediagonakentriesvanish,

giving another3 constraints:

Similarly, obsenethat:

andthat:

which gives,respectiely, thefollowing 6 constraints:

The rst 12 constraintsarederived. We derive the remaining8 contraintsasfollows.

Considetthefollowing equation:
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After expansionandby usingequation(10) for thelastterm,we obtain;

De ne and andusethefollowing rule:
whichgives:
Fromthis equationwe deducehatall diagonalentriesof matrix are

equalandall off-diagonalentriesarezero,which givestheremaining8 constraints:

Extracting the usual homography matrix from the 3D line homography matrix.
To provethecorrectnessf algorithm1 we mayreformthe3D line homographynatrix

correspondingo the extractedusualmotion parameterggivenby equation(3)) and

40



verify thateachof its blockscorrespondso the original block of , asfollows:
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