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Abstract

This paperis aboutmulti-view modelingof arigid scene.We megethetra-
ditional approachesf reconstructingmage-eatractablefeaturesand of modeling
via userprovided geometry We usefeaturesto obtaina rst guessfor structure
andmotion, t geometrigorimitives,correctthestructuresothatreconstructefea-
tureslie exactly on geometricprimitivesand optimize both structureand motion
in a bundle adjustmentmannerwhile enforcingthe underlyingconstraints. We
specializethis generalschemeto the point featuresandthe planegeometricprim-
itives. The underlyinggeometricrelationshipsaredescribedy multi-coplanarity
constraints. We proposea minimal parameterizatiorof the structureenforcing
theseconstraintsaand useit to devise the correspondingnaximumlik elihood es-
timator. The recoveredprimitives arethentexturedfrom the input images. The
resultis anaccurateandphotorealistianodel.

Experimentalresultsusing simulateddatacon rm that the accurag of the
model usingthe constrainedmethodsis of clearly superiorquality comparedo
that of traditional methodsand that our approachperformsbetterthan existing

ones,for variousscenecon gurations. In addition, we obsere that the method



still performsbetterin a numberof con gurationswhenthe obsered surfacesare

notexactly planar We alsovalidateour methodusingrealimages.

Keywords: 3D ReconstructionRiecavise PlanarSceneonstrainedtructureand

Motion, MaximumLik elihoodEstimator

1 Intr oduction

Thegeneraproblemof scenemodelingis, givena sequencef imageswithouta priori
information,to recover a modelof the sceneaswell as(relative) poseandcalibration.
Performingthis taskaccuratelyis oneof the key goalsin computewision.

In this paper we focus on the geometricscenemodeling,i.e. we do not address
aspectof lighting and surfaceappearanceecovery besidegperspectie correctionof
texture maps. We aim at devising a framework for the recovery of photorealisticand
accuratenodelsfrom a sparsesetof images.

Existing works fall into two categories: the featuie- and the primitive-basedap-
proachesBy features we designatdwo- or lower-dimensionabeometricentitiesthat
canbeextractedfrom individualimages(e.qg. points,lines, conics). By primitives we
meanotherentities,e.g. planesor higherdimensionabnes(cubes,spheres).Let us
examinethesetwo approaches moredetail. First, the primitive-basedapproachsee
e.g. [9, 22, 34], in which the usertypically providesparametrigprimitivesthrougha
modelingprogram. Parametersre determinedusing 3D-2D or 2D-2D matchesand
possiblyre ned using photometriccriteria, suchas maximizationof the gradientfor
wireframemodels,to optimizetheir reprojection. If necessarycameracalibrationis
performedandtexture mapsare extractedfor eachprimitive to producea renderable
model. This approacthasprovento give corvincing results,notablyin termsof pro-
ducingphotorealistiaendering.

Thefeature-basedapproachseee.g. [6], relieson the existenceof extractableim-
agefeatures. Thesefeaturesare matchedaccrosshe differentviews, typically using
photometricandgeometriccriteriaor by hand. From these structureand motion are

recovered. If necessarycameracalibrationis performedandparameterse ned in a



bundleadjustmenmmanner This approacthasprovento provide accuratereconstruc-
tion results,dueto the high (in general)numberof featuresconsidered.The problem
is thatmodelinga scenewith featuresalonedoesnot allow to producephotorealistic
rendering. Several works considerthis issue,by using asfeaturesall the pixels, via
densematching[30], space-carvin§R1, 31], or plenopticmodeling[14, 23]. Themain
limitation of atleastthelatterapproachs thata high numberof imagess necessarjo
achieve accurataeconstruction Otherapproacheselying on ana priori known ervi-
ronmenf(e.g. usingturn-tablesequencel7, 38] or apparentontourq8]) canproduce
high quality renderingout do notwork in thegenerakase.

Actually, thereexistsa continuumbetweerthetwo extremefeature-andprimitive-
basecatgyories madeof hybrid approachessingbothfeaturesandprimitives'. These
approachearemadeto draw onthestrengthof bothfeature-andprimitive-basedate-
gories:thehigh(in generalhumberof featuresnightallow to obtainanaccuratenodel
recovery (evenmoreaccuratghanfor feature-basedpproachesyvhile the primitives
contritute to form a photorealistianodel. In hybrid approacheshe featuresandthe
primitivesarelinked by geometricconstraints.

We studysuchan hybrid approactbasedon the point featureandthe planeprimi-
tive. The geometricconstraintaisedareincidenceof pointswith none,oneor several
modeledplanesandarecalledmulti-coplanarityconstraints The correspondingon-
strainedstructureandmotionrecoveryprocesss thencalledpiecaviseplanarstructue
andmotion

Thesechoicesare motivatedasfollow. The point is a standardwidespreadea-
ture thatmay be easilyextractedfrom theimages.Most existing sparsestructureand
motionrecovery systemslealwith point features.The planeis a primitive sufciently
generako modelalarge numberof realscenesgspeciallyin man-madesrvironments.
Moreover, there are several works dealingwith planes,that might be useful for an
integratedmodelingsystem: planedetection[3, 7, 10, 11, 12, 32, 40], plane-guided
point matching[1, 11, 12, 32, 45], andself-calibrationusingthe knowledgeof planes
[1, 24, 42, 45, 48).

INotethatthis is very differentfrom the hybrid approactof [9] which is actuallyprimitive-based.




Concretely we proposemethodsto parameterizgoints and planesundermulti-
coplanarityconstraintsThis parameterizatiois consistentn the sensehatits number
of parameterss the sameasthe numberof degreesof freedomof the scene.lt is em-
ployedto derive maximumlik elihoodestimators.Scenestructureand cameramotion
areconsistentlyestimatedat once. A projective aswell asa Euclideanversionof the
estimatorare derived. The recoveredstructureperfectly satis es the geometriccon-
straintsandis optimalin thisrespectwhereoptimalmeansnaximumlikelihoodunder
ageometricerrormodel.

In the following two paragraphsye presentthe piecavise planar structureand

motionprocessandreview existing work.

Piecewiseplanar structureand motion. Givenpoint correspondencdsetweenm-
ages,traditional unconstained structuie and motion reconstructhe points without
using geometricconstraints.First, suboptimalmethods seee.g. [6, 37], areusedto
computeaninitial solution. Theresultis thenre ned usingbundleadjustmenf33, 44].
If cameracalibrationis not available,the resultis a projective reconstruction.In this
case,the calibrationinformation can be recoveredon-line using several techniques
[18, 25, 29, 41]. Theuncalibratedeconstructioris thenupgradedo metricandbundle
adjustments usedto computeanoptimal metric structureandmotion.

In the projective case,whenonly pointsare usedas features thenthe scenehas
11ln 15+ 3m essentiatlegreesof freedom,wheren is the numberof views andm
thenumberof points.Eachview hasl11 degreesof freedom;15 degreesof freedomfor
thechoiceof the projective basisarededuced.

Assumenow, thatnotonly pointcorrespondenceseavailable,but alsotheir plane
membershipsThegoalis to computeanoptimalstructureandmotionincludingthege-
ometricconstraintainderlyingto thespeciaimulti-coplanaistructureof thepoints. Ide-
ally, this procesds a maximumlik elihoodestimatoroptimizing feature primitive po-
sitions,andviewing parametersvhile enforcingthe underlyinggeometricconstraints.
Consequentlthereis a needfor anew formulationof structureandmotion,thatmod-
elsbothfeaturesandprimitives,andthat preserestherelationshipsetweerthem,in

our case,that modelspoints and enforcesmulti-coplanarityconstraints. The use of



sucha constrainedestimatorhasa strongimpacton the structureandmotion process.
Comparedo the unconstraineatase,the useof primitivesconstitutingan important
geometriaconstrainion bothstructureandmotion,we canexpectbetterreconstruction
results.lt mightalsobefasterasthe numberof parameterss usuallylower.

Intra-primitive constraintssuchasa priori known anglesor parallelismof themod-
eledplanescouldbeused.Oneproblemwith theseconstraintss that,generallyspeak-
ing, they cannot be usedin a projective framewvork. Many otherkinds of constraints
couldbemodeledsuchasthecollinearity of points.

Choosingthe constraintso modelis dif cult. Indeed,this is a trade-of between
accurag (the moreconstraintareused,the moreaccuratehe reconstructiorwill be)
andthe compleity of the algebraicmodeling. If too mary kinds of constraintsare
used,thenwe endup with a network of constraintsthat may be viewed asa graph
linking featuresand primitives, and that might be redundentin the senseof cycles
in this graph. Anotherissueis the automatizatiorof an integratedmodelingsystem.
High-orderconstraintssuchasthe arrangemenof planesin e.g. cubdds, are more
dif cult to detectthanthecoplanarityof asetof points.A comprehensietreatmenbf
the possiblegeometricconstraintss out of the scopeof this paper

As saidbefore theincorporationof multi-coplanarityconstrainthasanimpacton
the numberof essentiadegreesof freedomof the scene,e.g. a point on one plane
has2 degreesof freedominsteadof 3 in the unconstrainec¢ase. Consequentlythe
numberof degreesf freedomof suchascendbecome®qualto 1In 15+ 3p+ 3m

i j m; wherethenotationm; designatethenumberof pointslying onj of atotal of
p modeledblanes.

Let usreview existing piecavise planarstructureandmotionestimators.
Previous work. Most of the existing works yield only a sub-optimalestimationof
thegeometry Actually, they fall into two cateyories:

the recoveredstructureis only approximatelypiecevise planarso clearly the
resultscannotbe optimal[11, 26, 39, 40, 46];

therecoveredstructureis piecavise planarbut themethodis notoptimalbecause



it cannot be turnedinto a maximumlik elihood estimatoror only the single-

coplanarityconstraints modeled1, 3, 5].

If we wantourestimatorto be optimalwith respecto piecaviseplanarity it hasto fall
into the secondcateyory, i.e. therecoveredmodelhasto be exactly piecavise planar
Theconstrainedtructureandmotionis a maximumlik elihoodestimatorthatincorpo-
ratespoints, planesand multi-coplanarityconstraintsn a bundle adjustmeninanner
The costfunctionis non-linear[33, 44] andsubjectto constraints.Thereare several
waysto conductsuchan optimizationprocessin particular we could useconstrained
optimizationtechniquesuchassequentiatjuadraticorogrammingor a speci ¢ struc-
tureandmotion parameterizatioenforcingthe multi-coplanarityconstraintg4, 5].

Ideally, thesetwo possibilitiesgive the sameresultsbecausehey areboth consis-
tent(i.e. the numberof algebraicdegreesof freedomis the sameasthat of essential
degreesof freedomof the scene)andthe costfunction being optimizedis the same.
However, in practice the convergenceof the optimizationprocesss determinedy the
numberof parametersisedwhich directly in uences numericalstability. This deter
mineswhich methodto usein which case.

In our case,the numberof parameterss high andso we have to reduceit to or
closeto the minimum,i.e. the numberof essentiablegreesof freedom,if we wantto
ensurea stableoptimizationprocess. The rst possibility consistsin systematically
addingparameterso the systemto modelconstraintsandis consequentlyinadapted.
The secondpossibility is lesssystematic so heedsmore algebraicmanipulationgo
be derived. However, the numberof parameterss so reducedthat the corvergence
might be fasterandmorereliable. Anotherissuethatis importantto be dealtwith for
both estimationcostand stability is that of analyticdifferentiationfor the non-linear
minimizer, which impliesthatthe parameterizatiohasa closed-formexpression.

We addressethe caseof two views andpointslying on oneplane(i.e. the single-
coplanarityconstraint)lin [5] andextendedt to multi-view andmulti-coplanaritycon-
straintsin [4] wherewe derived the maximumlikelihood estimatorbut without the
possibility of analyticdifferentiation. In this paper we presentan estimatorand the

correspondingparameterizatiowhich is minimal for the structureandquasi-minimal



for themotion,for n views anda quasi-generadetof multi-coplanarityconstraintsand
which allows analyticdifferentiation.

As realworld surfacesareonly approximatelyplanar we experimentallyevaluate
the performanceof the constrainednethodcomparedo an unconstraineane with
respecto differentdegreesof deviation from planarityanddifferentscenecon gura-
tions.

Sinceour approacmeedso upgradean uncalibratedeconstructiorto metric, we
performself-calibration.To initialize a bundleadjustmenprocedurewe usethelinear
methodof [28], inspiredby [41], for theestimatiorof variablefocallength.In practice,
we encounteredsingularsituation thatis likely to occurin modelingapplicationsthe
opticalaxesof all imagesmeetin asingle3D point (whichwill usuallybethe centerof
themodeledobject). We adaptthe basicmethodto this caseandvalidatethe approach
onrealimages.

In x2 we give our notations.We thenpresentour parameterizatiomndthe corre-
spondingmaximumlik elihoodestimatoffor aprojective framework in x3, followedby
anequialentschemén the Euclidearcasean x4 wherewe alsopresentelf-calibration.
We reporton experimenton simulateddatafor constrainedtructureandmotionin x5.
Finally, x6 shavs experimentatesultsobtainedusingrealimagesakenwith anuncali-
bratedcamerawvhichvalidateboththereconstructiomndtheself-calibratiorprocesses,

followedby our conclusions.

2 Notations

Physicalentities(points, planes,etc.) aretypesetusingitalic fonts(X, , etc.) and
their correspondindhomogeneousoordinatevectorsusing the samelettersin bold
fonts (X, , etc.). Matricesaredesignatedy sans-serifonts suchasH. Vectorand
matrixelementaretypeseusingitalic fontsandindices,e.g. X (X 1;X2; X3; X 4)T
where is thetranspositiorand the equalityup to a non-zercscalefactor

The notationX ; is usedto designatehe vectorformedwith the elementsof X
with index differentfromj . Similarly, X ; representshevectorX with thevalue

insertedat thej -th position. The crossproductis written  andthe associate@ 3



skew-symmetricmatrix [;] .

We model cameraausing perspectie projection,describedby a3 4 homoge-
neougmatrix P. Non-linearoptimizationprocesseareconductedisingtheLevenbeg-
Marquardtalgorithm[13].

3 Constrained Projective Structur e and Motion

In this section,we describehow to minimally parameterizeéhe structureand quasi-
minimally the motionin the projective case.We thenderive the maximumlik elihood
estimatorcorrespondingo the constrainedtructureandmotion.

As shown in the expressiorfor the numberof essentiablegreesof freedomof the
scenewe have to take into accountl5 degreesof gaugefreedomleft by the arbitrary
choicefor the projective basisof the reconstruction. Gaugefreedomis de ned as
the internalfreedomof choicefor a coordinatesystem[43]. It canbe x ed usinga
particularformulationfor the structure[17] or for the cameramatriceq6]. Dueto the
compleity of structureparameterizationye have choserto absorhthe gaugefreedom
into the parameterizatioof motion.

In the next two sectionswe describerespectiely our structureandmotion param-

eterizations.

3.1 Structure Parameterization

As saidin the introduction,we have to parameterizéooth planesand pointsandin
addition enforcethe underlying multi-coplanarityconstraints. The parameterization
consistsin passingfrom the usualhomogeneoug-vectorsthat represenpoints and
planesn 3D projective spaceto aminimal setof parametersepresentinghe structure
while enforcingthe multi-coplanarityconstraints.We rst give an homogeneouand
consistentparameterizatiofior planesand points and thenremove the homogeneity
to reacha minimal parameterization.This last stepis achiezed usingwhat we call
mappedcoodinatesthatallow to locally remove homogeneityThisis alsousedin the

parameterizationf themotionandin the Euclideancase.



3.1.1 Multi-coplanarity Constraints

A multi-coplanarityconstraintis a geometricconstraintbetweena point anda setof
planes Beforeparameterizinghestructurewe haveto decidewhere,in theparameter
izationof planespf pointsor both,theseconstrainthave to beincorporatedActually,
it seemsnevitable to incorporatethemin the point parameterizationLet us investi-
gatethe caseof planeparameterizationindeed,considerthe caseof a pointlying on
morethanthreeplanes.Sucha pointdoesnot have,in generalary degreeof freedom,
andcanbe determinecusingthreeof the planesit lies or?. Oncethis point hasbeen
determinedit constrainghe positionof the otherplanes.Consequentlyplaneparam-
eterizationis dependenbn multi-coplanarityconstraintprovidedthey containa point
lying on morethanthreeplanes.

If we donotmodelpointslying onmorethanthreeplanedqor takeinto accounonly
threeof the planesthey lie on), it is possibleto parameterizeachplaneindependently
while the multi-coplanarityconstraintaup to threeplanesareto be takeninto account
only for point parameterizationConsideringthat pointslying on four or moreplanes
arerare,we make suchanassumptiorfanalgebraicsolutionwill justbesketched).Let

usseethe correspondingparameterization.

3.1.2 Planes

As said above, planesdo not incorporatemulti-coplanarityconstraintsand eachone
hastherefore3 degreesof freedom. An homogeneoug-vectoris then a consistent

parameterization.

3.1.3 Points Under Multi-coplanarity Constraints

We describepoint parameterizatioperformedundera local incorporationof multi-
coplanarityconstraintsLet us examinedifferentpossiblemeans We thenpresenbur
solutionfor the differentmulti-coplanaritycases.

To simplify the reading,we considerthe caseof a 2D point x constrainedo lie

ona 2D line |, which s similar to the 3D single-coplanaritycase. Sucha constraint

2Thisis nottrueif the planesform apencil.



is expressedas|"x = 0 andis satis ed for any point expressedn the nullspaceof
T (Ig;12;13).

The approachthatnaturallycomesto mind is to computea basisfor the nullspace
of IT andto expressthe coordinatef point x in this basis. We examinetwo ways
to computethis nullspacebasisandshow thateachof themarenot appropriateto our
problem.

A basisfor thenullspaceof I T is givenby theskew-symmetric3 3 cross-product

matrix associatedo | (thereareotherpossiblebases):

One caneasily checkthat, asrequired,| 'L = 0] andrankL = 2. Any pointon |
canberepresentedy a linear combinationof the 3 columnsof L, therebyinvolving
3 homogeneousoefcients. Thisis not consistensincea point on aline hasonly 1
degreeof freedom.Ontheotherhand,onecouldthink of usingonly 2 columnsof L as
abasigfor thenullspacesaydroptheleadingcolumnl ;. In thiscasetherepresentation
is consistentput it is nomorecomplete:the pointwith coordinatd ; lying onl cannot
berepresentedsa linearcombinationof thetwo lastcolumnsof L.

Another possibility is to computean orthonormalbasisfor the nullspaceof |

throughe.q.its singularvaluedecomposition:
1T 1Tdiag(1;0;0) 13 1] Vs »

In this casethebasisgivenby thetwo columnsof V is minimal andthecorresponding
parameterizatiomould be consistent.However, sincethe entriesof V do notdepend
directly on the coefcients of I, analytic differenciationwould not be possiblein the
underlyingoptimizationprocess.

Consisteng andanalyticdifferenciationare the main reasongor our speci ¢ pa-
rameterizatiorto be used. We successiely dealwith pointslying on none,one,two

andthreeplanes.
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Unconstrained points. Sucha point doesnot lie on ary modeledplaneandbeing
thereforenot subjectto any modeledyeometricconstraintjt has3 degreesof freedom.

An homogeneou4-vectoris thena consistenparameterization.

Single-coplanarpoints. Let X bea point constrainedo lie on a plane . Sucha
point has2 degreesof freedomandour goalis thento expressit via anhomogeneous
3-vector—insteadof thegenerahomogeneoud-vector—by incorporatinghesingle-
coplanarityconstraint.

Algebraically this constraintis writenas "X = 0. Let us nd a changeof
projective basiswhereeachpointlying on  hasanelementx edto a constantvalue,
sothatthis elementcanbeignoredin the parameterizationf X . For thatpurposewe
de ne theclassof homographiest by theidentity matrix of size4 4 wherethej -th
row (j 2 f1:::4g) hasbeenreplacedby the4-vector T (e.g. H! o ., Ts . i\).
Let H' X betherepresentationf X in this new basis.By de nition of H! , we
have ; = OandthepointX canthereforebeparameterizetly -, thehomogeneous
3-vectorformedfrom the 3 elementof  with index differentfromj, X beingfurther
recoveredusingX  Hi '

Thereare4 possibilitiesfor the choiceof j . SinceH! Lis necessaryo recover X
from , we choosg astheindex that maximizes(in magnitude)he determinanof
H :j = argmax;jdetH j whichin factleadstoj = argmax;j ;j. Suchachoice
ensuredd to beabijective transformatiorsincedetH! = ; that,by constructionjs
alwaysnon-zero.Indeed, is anhomogeneousectorandhasthereforeatleastone
non-zercelement.

Table1 shows the practicalalgorithmfor parameterizing/unparameterigiX 2
derivedfrom the above reasoningIn the unparameterizatiorwe divide by ; that,as
saidabove, is alwaysnon-zero.

The droppedcoordinatedepend®n the currentestimateof . Thereforejt might
changebetweentwo stepsof the optimizationprocess. However, this doesnot cre-
ate discontinuitiessince after eachoptimization step, the structureis unparameter
ized and standarchomogeneousoordinatesarerecovered. The structureis thenre-

parameterizedor the next iteration, and the index of the droppedcoordinatemay
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Let X beapointsubjectto a single-coplanaritgonstraintwith plane . Thehomoge-
neous4-vectorX representX in the currentprojective basiswhile thehomogeneous
3-vectorX is aparameterizationf X incorporatingthe single-coplanaritgonstraint.

Parameterizatior(X ! X):

choosg suchthatj = argmax;j ij subjecttoj 2 f1:::4gin the projectve

caseandj 2 f1:::3gintheEuclideancase;
X Xy5.

Unparameterizatior(X ! X):
compute = &'

X R

Tablel: Parameterization/unparameterizatioim single-coplanapoint.

change. The parameterizatioris thereforeusedin a local manner which is impor-
tantin orderto keepsmooththe costfunctionandto avoid creatingsingularitiesin the

minimizationprocess.

Multi-coplanar points, two planes. Let X beapointconstrainedo lie on planes
and % Sucha point has1 degreeof freedomprovidedthat 6 ©andour goalis
thento expressit via anhomogeneoug-vector—insteadof the generahomogeneous
4-vector—by incorporatingthe multi-coplanarityconstraint.

We follow the samereasoningas for the previous case. We de ne the classof
homographiest”. by thematrixH' wherethej th row hasbeenreplacecby the -

T

vector % (e.g.H"?, oo f). Letusconsider  H", °X . By de nition
02 2 12 2
of H”; Do,weha/e j = jo= OandpointX canthereforebeparameterizety - o,
thehomogeneou-vectorformedfrom the 2 elementof  with index differentfrom
1

j andj®, X beingfurtherrecoveredusingX ~ H". %
Sincej andj° mustbe different, this leaves4 3 = 12 different choicesfor

o
them. As H". °, " is neededwe choosgj andj  suchthatthe determinaniof H". ’,

12



is maximized(in magnitude). Subsequentlyleriving a practicalalgorithmasin the

single-coplanaritgaseis thenstraightforward.

Multi-coplanar points, threeplanes. Let X beapointconstrainedo lie on planes
, %and % As alreadymentionedpreviously, it is straightforvardto seethata point
lying on threeplanesdoesnot have, in generalary degreeof freedon¥. Suchpoints
arethereforenotrepresenteth the parameterizatioandhave to berecoveredfrom the
threeplaneequationsTherearetwo waysto do that. Onecaneitherchoosea scheme
similarto the onegivenpreviously or usethe generalizedross-productwhich givesa
closed-formexpressiorfor the point (eachpoint coordinatés givenby thedeterminant

ofa3 3 matrixof planecoefcients).

Multi-coplanar points, more than threeplanes. As said previously, this caseis

rare.Dealingwith it properlywould adda greatcompleity to thesystemjn thesense
thatconstraintsvould thenbe expressediot only on pointsbut alsoon planesthereby
creatinga graphof constraintswith possibleredundancieandcycles. Let us sketch,
however, how the caseof a point X lying on 4 planes , ° %and %Ocould be
handledalgebraically Otherhigherordercasesthoughmorecomplicatedcouldthen

behandledn asimilar manner The constraintareexpressas:
B"X = 04 whereB, 4 0 00 000 :

This equationmeansthat the matrix B hasa (at least) 1-dimensionahullspace,i.e.

detB = 0, whichyieldsa4-linearconstrainbnthecoefcients of theplaneequations.
If onechoosedo constraine.g. plane , thenoneof its coordinatesnay be dropped
by consideringthe above-derivedequation,and by applyinga schemesimilar to that

describedn table1, for the single-coplanaritgase.

Modeling intra-primiti vemetric constraints. In thisparagraphwe give somehints
on the algebraicmodelingof intra-primitive constraintsandin particularon the per
pendicularityandthe orthogonalityof planes As explainedin theintroduction,a com-

prehensietreatmenbf all theseconstraintss out of the scopeof this paper

3Thisis nottrueif the planesform apencil.
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Firstly, considettheperpendicularityf two planes and ° Thisconstraintanbe
algebraicallyexpressedy consideringhatthe dot productbetweerthenormalvectors

of two suchplanesmustvanish:

Thisbilinearconstraintanbeenforcecby theeliminationof oneparameteto contrain
oneof thetwo planesto be perpendiculato the otherone. We endup with the same
problemasthatof modelingthe single-coplanarityonstraindescribedabove.
Secondly considerthe modelingof the parallelismof two planes and ° The
normalvectorsof two suchplanesmustbe equal,up to scale,which is equivalentto

nullifying therecross-product:

8
0 0 =
2 23 39 =0
0 0 —
§31 13—0
! 0 0 - .
12 21—0.

Amongthese3 equationspnly 2 areindependenthut onecannot choose2 of thema
priori. Therefore dependingf which planeis to be contrainedandon which axes,2
equationsareusedto eliminate2 of its parametersSincetheseequationsarebilinear,
we endup with the sameproblemasthat of modelingthe multi-coplanarityconstraint

with 2 planesdescribedpreviously.

3.1.4 Mapped Coordinates

Homogeneouslgebraicentitieshave aninternalgaugefreedomasthey areonly de-
ned up to a non-zeroscalefactor Consequentlythey are not minimal in the sense
thatthey areoverparameterizedWe de ne atool called mappedcoominatesthatlo-
cally removesthe homogeneityin otherwords producesa minimal versionof an ho-
mogeneougntity. Let us considerthe caseof homogeneousectorsof P , which is
not a restriction,the methodbeingvalid for ary homogeneouentity (matrix, tensor).
In moredetail,a( + 1)-vectorv, canbe decomposeidhto a -vectore anda map
2 f1;:::; + 1g,theindex of acoefcient tobe x ed.An importantpropertyis that

slightly changingv doesnot,in generalaffect butonly e, andif is affected,it will
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usuallynot createnumericalinstability (in thesensdghatthemaximumcoefcient of v
will nottendtowardszeroduringe.g.optimization).

Themap is chosenasthe index of the entry of v that hasthe largestabsolute
value.Thischoicecanbejusti ed asfollows. If weassumehatall entriesof v havethe
sameprobabilityto becomezeroduringanoptimizationstep,our choiceminimizesthe
probabilitythatthe selectecentry (i.e. theonecorrespondingo themap ) vanishes.

Consequentlythis systemis adaptedo non-linearoptimizerssuchasLevenbeg-
Marquardt[13], wherethe map canbe re-estimatedat eachstepof the optimization

processA practicalalgorithmfor usingmappectcoordinatess givenin table2.

Let v be an homogeneou¢ + 1)-vector Any otherhomogeneougntity (matrix,
tensor)canbe broughtbackto this caseby stackingits elementdnto a singlevector
Theinhomogeneous-vectore representshe mappedcoordinatef v whereaghe

integer represents#ts map.

Mapping(v ! (e; )):

choose suchthat = argmax;jvij;

Unmapping((e; )! v):

\' e 1.

Table2: Mappedcoordinategor homogeneousntities. Only @ hasto beincludedin

optimizationprocesses.

3.1.5 Summary of Structur e Parameterization

We have givenalgorithmsto exploit multi-coplanarityconstraintdor upto threeplanes
per point. Theseconstraintsareenforcedin an homogeneoumannerwhile reducing
the numberof parametergor eachpoint, seex3.1.3,andthe homogeneityis removed

usingmappedoordinatesasindicatedn table2, to obtainaminimal parameterization.
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3.2 Motion Parameterization

In this section,we rst parameteriz&ameraprojectionmatricesin an homogeneous
mannetandthenremove thehomogeneityusingmappedcoordinateso obtaina quasi-
minimal parameterization.

We have choserpreviouslyto x theprojectivereconstructiorasisvia thecamera
parameterizationlt hasthento expresslin 15 degreesof freedombut actuallyhas
10+ 11(n 2) parametergseebelow), i.e. is overparameterizetly 3. Thisis nota
problemfor the optimizationprocesssincethis numberdoesnot depencheitheron the
numberof views nor on thenumberof points.

The numberof parameterss obtainedas follows. Eachof the n views is rep-
resentecby 11 parametergrom its cameramatrix, exceptfor 2 of them, relatedby
the epipolargeometry(or equivalently, one special-formprojectionmatrix), that we
represenusing 10 parametersMore detailsare given below, wherewe describethe
geometryof one,two, threeor moreviews. Note thatthe motion parameterizatiofs
independenfrom the structure andin particulay doesnot dependon the factthatthe

structureis constrainedr not.

Oneview. The projectie reconstructiorbasiscannot be uniquely x ed. However

thecameramatrix P canbearbitrarily set,e.g.weusehereP (| j 0).

Two views. If we supposehatthe rst cameramatrix hasbeen x ed, the second
onehas7 degreesof freedom.Indeed,the geometryof sucha systemis describedby
the epipolargeometrycontainedn therankde cient fundamentamatrix F. Provided
P hasthe form given above, the secondcameramatrix can be extractedfrom F as
P° ([e9 F je% whereelisthesecondepipolede nedby FTe’= 0.

Minimally parameterizinghe rank-2-nes®f the fundamentamatrix requiresthe
useof several maps[5, 47] which is complicatedfrom an implementationpoint of
view. Alternatively, it is possibleto overparameterizeank-2-nes$y usinga plane
homographyH andthe secondepipolee®. The secondcameramatrix is thenformed
asP® ([e9%H j €Y where[e9? H is the canonicalplanehomaraphywhichis the

only planehomographysatisfyingH™e® = 0 [4] (it is thussingular).
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#views #dof #param. parameters gaugeconstraints
n=2 7 10 A, e HTe’= 0
n 3 7+11(n 2) 10+ 11(n 2) A,e%P 3 HTe%= 0

Table3: Motion parameterizationNotationsR, e® andPy respectiely designatehe
mappedcoordinategseetable 2) of the canonicplanehomography(seetext), of the
secondepipole(i.e. the projectionof the rst cameras centerof projectiononto the
imageplaneof thesecondcamerapndof othercameramatrices.dof standdor degrees

of freedom.

In this paper we usethis secondpossibility The problemis parameterizedby
the 8 mappedcoordinatesof H andthe 2 mappedcoordinatesof €%, which yield 10
parametersConsequentlyit is overparameterizeby 10 7 = 3 parameterssincethe

two-view motionhasonly 7 degreesof freedom.

Threeor moreviews. Two or moreviews completely x the projective basis.Con-
sequentlyeachadditionalview adds11 degreesof freedomto the systemandin the
generakaseheir cameramatricesdo nothave ary speciaform andhaveto beentirely
parameterizedWe usemappecdcoordinatedor thatpurpose.

Themotion parameterizatiors summarizedn table3.

3.3 Maximum Lik elihood Estimator

We describethe maximumlik elihood estimatorfor constrainedstructureand motion
usingthepreviously describegarameterizationVe rst analyzewhichkindsof points
arereconstructablandunderwhich conditions notablyif they have to beincludedin
the constrainedptimizationprocess.We thenshow how to initialize the parameteri-
zationfrom a generaktructureandmotion (whenmulti-coplanarityconstraintsarenot
enforced),n the caseof motionandthenstructure.Finally, we give the costfunction

anddetailson the maximumlik elihoodestimator
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#views #planes unconstrained optimization constrained

0 no
1 no
0 no no
2 no
3 yes
0 no no
1 1 no no yes
2 yes no
2 any yes yes no

Table4: Summaryof which pointsarereconstructablanderwhich condition.“uncon-
strained”indicatesa reconstructiorwhenplanesare not yet modeled,“optimization”
indicatesa reconstructiorpossibleusing planesand for points that add redundang
usefulfor optimizationand“constrained’indicatesareconstructionpossibleonly after

the maximumlik elihoodestimation.

3.3.1 Initialization

At this step,we supposeo have a rst guessof structureand motion aswell asa

clusteringof pointsinto multi-coplanamgroups,seex6.

Feature reconstructability. Planesare reconstructabl@rovided that at leastthree
pointsthatthey containcanbethemselesreconstructeavithoutgeometricconstraints.
Onceplanesare reconstructednew point reconstructiongan be obtained. Table 4
giveswhich points,in termsof the numberof views they are seenin andnumberof
planesthey lie on, canbe reconstructedand if they have to be incorporatedn the

optimizationprocesqi.e. if they addredundang usefulfor optimization).

Motion. We have to changethe projective basissuchthat the rst cameramatrix
becomegq | j 0). Thisis doneby post-multiplyingall cameramatricesby anappro-
priatelychoserBD homographyandpre-multiplyingthe structureby theinverseof this
homography
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Constrained structure. Theinitialization of pointsdependingon thatof planeswe
rst estimateplaneequationsandthenpoints.

A planeis tted to the pointsof eachcoplanargroup. If X is a point lying on the
plane ,theconstraintX T = 0 holds. By stackingthe equationdor all pointslying
ontheplane,we obtainalinearsystemfor  which canbe solvedusinge.g. singular
valuedecomposition Anotherpossibility is to estimatea planehomographybetween
two imagesof the planeandto furtherextractthe planeequation.

The unconstrainegoints and the multi-coplanarpoints lying on three or more
planesare easyto initialize. Indeed,the former are not subjectto any modeledge-
ometricconstraintandaretakendirectly from theinitial structureandthelatterdo not
have ary degreeof freedomandsodo not needinitial values.

On the otherhand,single-coplanaand multi-coplanarpointslying on two planes
needa specialinitialization. As we work in projective spacewe cannot considerary
metricin space(suchasorthogonalprojection)and have to do measurements the
images.

For asingle-coplanapointX lying onaplane , weconsidemneof its projections
andreconstructhe 3D point by intersectinghe associatediewing ray with the plane

. We measurethe reprojectionerror in all imageswhereX is visible. We iterate
over the setof imageswhereX is visible andselectthe one that minimizesthe total
reprojectionerror.

For amulti-coplanampoint X lying onplanes and °, we adoptthesamemethod.
However, to ensurehatthereconstructegointlies onthetwo planeswe orthogonally
projectoneof its imagepointsontothe projectionof the intersectiorline of and °
andthenreconstructas above. Which plane or 9 is usedto reconstrucdoesnot

matter Detailsfor this initialization aregivenin [4].

3.3.2 Optimization

Our goal is to derive an optimal estimatoy in the senseof the maximumlikelihood,
for pointsand planesundermulti-coplanarityconstraints. This resultis obtainedby

enforcingexactly the constraintsasis doesby our parameterizationThe costfunction
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to minimize is the root meansquareor, equivalently, the sumof squareof the repro-

jectionresidualq33, 44]. In fact, this givesthe maximumlik elihoodestimatorunder

the assumptiorthat errorsin imagepoint positionsareidentically andindependently
distributedaccordingto a centeredsaussiangr normal,law.

We alsoinclude cameramotion parameterénto the non-linearoptimizationsince
anindependentomputatiorof themaximumlik elihoodestimateor the structureonly
is not possible:bothstructureandmotionhave to be estimatecdat once.

The costfunction, denotedby C, dependson measuredmagepointsx; andon
reprojectegoints®; predictedoy structureandmotionparameter$. It is de ned by:

X X
as) = wi d(xij ;i ):
i
Indicesi andj respectrely representhe differentimagesandthe differentstructure
pointsandd(:;:) is the Euclideandistance.We setw;j =1 if andonly if thej -th point
appearn thei-thimageandO otherwise Theoptimalstructureandmotionparameters

$ arethengivenby the minimizationof C overS:
S=arg min (S):

Thisis donein practiceusingthe Levenbeg-Marquadtalgorithmwith analyticdiffer-
entiation.
Let us investigatehow to upgradethe obtainedstructureand motion to a metric

frame.

4 Constrained Euclidean Structur e and Motion

In this section,we describehow to upgradethe previously recoseredprojective struc-
tureandmotionto metricandhow to parameterizéhemin orderto obtainaconstrained

maximumlik elihoodestimator

4.1 Upgradeto Metric

Thereexist severalpossibilitiesto upgradea projective reconstructiorio metric, with-

out a full prior calibration,e.g. by providing constraintson scenestructure,camera
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motion, or calibration. In this work, we performself-calibration.A Euclideanbundle
adjustments initialized usingthelinearmethodof [28], inspiredby [41], thatassumes
known intrinsic parametersbesideshe variablefocal length. The methodis rather
straightforvard, but we describeit heresincethe basicmethodis subjectto a degen-
eratesituationwe encounteredn practice,andthatis likely to occur quite oftenin
modelingapplicationdor e.g.built environments We give a variantof the methodthat
doesnotdegeneratén this case.

Supposehat P; arethe projectionmatricesassociatedvith the projective recon-
structionobtainedsofar. We supposehatall theintrinsic parameteraregiven,besides
thefocal lengths,f, for theindividualimages. In practice,we assumehe principal
points(u;; Vi) to lie in the centerof the respectie image,andwe know the cameras'
aspectatios ; (in fact,they couldeasilybeincludedin thelinearself-calibratiorrou-
tine). The skew factoris neglected,i.e. we assumepixelsto be rectangularin the
linearmethod;skew is estimatediuring bundleadjustment).

Self-calibrationis basedon estimatinga projective transformationl suchthatthe
transformedrojectionmatricescanbe decomposethto extrinsic andintrinsic param-
eterssuchthatthelatterhave the known value5| e.

i 0 u i
of;Ri;ti - BT %0 1 v.%% %(Rl jti);
0 0 1 0 0 1
wherethe R, are orthonormalmatricesandthe t; 3-vectors. Consideringonly the

leading3 3 submatrixof theequationandmultiplying it by its transposewe get:

i 0 U| 2 0 U|
PTTTP] %0 1 v.%% f?2 E%O 1 vI ;
0 0 1 0 1 0 0 1

whereT isthe4 3 matrix consistingof the rst threecolumnsof T. Let
— T
=T 1,

i 0 uy

o of -

0 0 1

M
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Then,theabove equatiorbecomes:

0 1
f2 0 0

M; XM/ %o f2 o%: (1)
0 0 1

Thematrix X representshe “absolutequadric”[41], in the spaceof the projective
reconstructionlt is4 4, symmetricandof rank3.
Let m{ be the vector representinghe j -th row of M;. From equation(1), the

following linearequation®n X canbe obtained:

T
m;; Xmiz

T
m;; Xmisz

T
m;,Xmi3z

I
o o o o

T T
m;;Xmijz  M;j3Xmiz

Therank-3constrainton X cannotbeimposedvia linearequationsyhich implies
thatthereexist singularitiesfor thelinear method thatarenot singularfor the generic
case[36]. The genericsingularities(critical motions)for self-calibrationof varying
focal length (with otherintrinsic parameter&nown), are describedn [20, 35]. An
imagingcon gurationthatis singularfor thelinearapproachbut notin generaljs the
casewherethe optical axesof all views passthroughone 3D point. Imagesequences
takenfor modelingobjectswill very oftenbesingularin thisrespec(e.g.thesequence
shavnin gure 3).

Dueto this singularity the systemof the above linear equationswill have a one-

dimensionafamily of solutions:
X X+ Xz

The rank-3-constrainallows to solve for  via the equationdetX = 0. Thisis a
degree-4-polynomialn . We solve it numerically thus obtaininga maximumof 4
solutionsfor X. To nd a uniquesolution, we computethe focal lengthsthat each
solutiongivesrise to, and choosethe solution, wheretheserespectpracticalbounds

(they haveto lie in aninterval of theorder[300, 5000] dependingnthe cameraused).
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In practice,we alwaysfound a single solution satisfyingtheseconstraintsthe others

beingfar off.
Focallengthsareextractedby computing! i ~ M; XM andthen
s
(it lia),
fi= £ =%

L33

FromtheestimatedX, we extracta projective transformatiornthatupgradegrojec-
tion matricesandpoint coordinatego metric. Thereis no uniquesolutionfor this, so
in practicewe chooseonethathasroughlyequalsingularvalues.LetX = U UT be
the singularvaluedecompositiorof X. SinceX is of rank 3, the 4-th singularvalueis
zero. Let °be obtainedby replacingthatzerowith e.g. the largestsingularvaluein

, we obtainthe projective upgraddransformatiomeeded:
T=0""®

Extracting extrinsic parameterdrom the upgradedprojection matricesis then
straightforvard— it basicallyrequirestting of orthonormalmatricesto generaB 3
matrices[19]. More detailsaregivenin x4.4. Theresultis optimizedvia bundle ad-
justment. An alternatve to the describedapproachwould be to usethe coplanarity
informationalreadyavailable,like[1, 24, 42, 45, 46).

In the following paragraphyve just give a few numericaldetails. In orderto im-
prove the condition of the linear equationsystem,we transformthe matricesM; as
follows. First, we assumehatimagesare normalizedusinge.g. [15]. Secondwe
make useof the free choicefor the basisof the projective reconstructionby comput-
ing a projective transformationthat hopefully leadsto betterconditioning. A simple
methodto do thatis asfollows. We stackthe M; in a matrix M of size3n 4, and

computeits singularvaluedecomposition:
M=ABT:

From A, we extract sub-matricegeplacingthe M; in the linear equations:A is or-
thonormal sothelinearequationsaremorelik ely to bewell conditioned.The product
B T representshe projective transformationcorrespondindo the mappingbetween

the original andthe transformedM; (naturally the 3D pointshave to be transformed
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accordingly).Usingthis normalizationwe obtainednuchmoreaccuratenitial values
andactuallypreventedthe bundleadjustmento fall in alocal minimumit got trapped

in otherwisejn onecase.

4.2 Structure Parameterization

In this section,we adaptthe projective structureparameterizatioof x3.1 to the Eu-
clideancase. In this case,planesare modeledas homogeneoud-vectors,whereas
pointscanbewritten asinhomogeneou8-vectors.

The planeparameterizatiolmasbeendescribedn x3.1.2andmappedcoordinates
(cf. x3.1.4)wereusedto reachtheminimality. The pointparameterizationndermulti-
coplanarityconstraintf x3.1.3for the projective casecanbe usedeitherdirectly or
adaptedo take full advantageof the Euclideanstructure.We successiely specialize

thedifferentcases.

Unconstrainedpoints. As saidabove, pointscanbe parameterizedsinginhomoge-

neous3-vectorswhichis minimalin this case.

Single-coplanarpoints. Let X beapointlying onaplane . As for the projective
case,we want to changethe reconstructiorbasissuchasto x anelementof X to
a constantvalue. In the Euclideancasewe have X T ( X T j 1) in the homoge-
neousform, so thatthe 4-th elementis already x ed. Consequentlywe mustchoose
a transformatiorthat preseresthis elementwhile xing anotherone. This classof
transformationis H wherej 2 f1:::3g. The practicalalgorithmfor parameteriz-
ing/unparameterizingucha pointin the Euclideancases similarto thatof table1 but

usingtheconstrainf 2 f1:::3g for thechoiceof | .

Multi-coplanar points. We follow the samereasoningasin the previous case. A
pointlying ontwo planess thenparameterizely a scalaranddoesnot have parame-
tersin thethreeplanescase.Thepracticalalgorithmsarethenidenticalto theprojective

case providedachoicefor theindicesj andj °in f1::: 3g for thetwo planescase.
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4.3 Motion Parameterization

For motionparameterizatiom the Euclideancase we supposg¢hateachcamerehasz

unknawn intrinsic parametersyherez 2 f1::: 5g.

Oneview. We choosehereconstructiorbasissuchthatP ~ K( | j 0) whereK is
thecalibrationmatrix, containingtheintrinsic parametersWe have thereforez degrees

of freedomfor this rst camera.

Two or more views. The Euclideanbasishasbeen x ed by the rst view upto a
globalscalefactor Wethenhaveto completelyparameterizéneothercameramatrices.
Suchanadditionalcameras writtenasP® KX R j t). Makingthesameassumption
ontheintrinsic parametershanfor the rst view, thisleavesz + 6 degreesof freedom
for eachview, its internalparametersindthe 6 parametergor the rotationR andthe

translationt. Theseentitiesareminimally parameterizecasdescribedn e.g.[2].

4.4 Maximum Lik elihood Estimator

Themaximumlik elihoodestimatoiin themetric caseis very similarto thatof the pro-
jective caseasthe costfunctionis the same.Theintrinsic parameter$or eachcamera
have beenrecoreredpreviously, seex4.1. In orderto initialize our parameterization,
we still needto extractthe relative poseof eachcameraj.e. factorizeeachprojection
matrixP (P j p) undertheform P = 1K( R jt) where is anunknown scale
factor Letusdene S = K P. We rst estimatethe scalefactoras = QF’[S
Thetranslationcanthenbe obtainedby t = K p. In thenoise-freecase, Sis an
orthonormalmatrix, but in practiceit is not andwe choosethe closestrotationmatrix
in the senseof the Frobeniusnorm. This canbe doneusinga singularvalue decom-
positionof S andarecompositiorwherethe matrix of singularvalues is omitted:
R = UV™ where S = UV T. Oncethis initialization hasbeendone, non-linear
optimizationof the costfunction C (cf. x3.3) canbe launchedusingthe Levenbeg-

Marquardtalgorithm[13] with analyticdifferentiation.
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5 Experimental ResultsUsing Simulated Data

In this section,we compareour methodto existing ones,notablyto that consistingin
individually reconstructingeachpoint andto thatusingapproximatenulti-coplanarity
constraints We performthis comparisorfor the structureresults thenfor the motion
results.

The testbenchconsistsof a cubeof one meterside length obsened by a set of
camerasPointsaregenerate@n the cube possiblyoffsetfrom their planesn orderto
simulatenon-perfectoplanarityandprojectedontotheimageswherecenteredsaus-
siannoiseis added. The default parametersf this simulationarethe following. Up
to 50, 10 and 1 pointsaregeneratean respectiely eachface,edgeandvertex of the
cube.Two camerasvith afocal lengthof 1000(expressedn numberof pixels)anda
1 meterbaselineare situatedat a distanceof 10 metersfrom the cube. The standard
deviation of imagenoiseis up to 3.0 pixels. Theintrinsic parameterarenot supposed
to beknown which yields projective reconstructions.

In the sequelwe vary independentlyeachof theseparameterso comparethe dif-
ferentapproachesindervariousconditions,especiallywe wantto determinehow the
constrainednethodbeharewhentheobsenedsurfacesareonly approximatelyplanar

We measurehe quality of reconstructionsisingthe 3D residualof its Euclidean

distanceto the groundtruth scenestructureX : E = X " jm:l d?(HX;; X;), where
H is a 3D homography(mappingthe projective to the Euclideanstructure)estimated
usingnon-lineaminimizationof E . We measureghe medianvalueover 100trials.

Theestimatorsomparedare:

Po-ML: optimal structureand motion obtainedin a bundle adjustmenmanner

[44] without geometricconstraints;

Pl-wt: (wt standdor weights)similarto Po-ML but usesheaily weighted(26°

10°°) additionalequationgo approximatemulti-coplanarity[26, 39];

PI-ML: usesthe parameterizatiordescribedin this paperto explicitly model

multi-coplanarity;
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PI-h: (h standsfor homographyusesmethodPo-ML describedabove with as
input pointcorrespondence®rrectedoy maximumlik elihoodestimatiorof ho-
mographies.This methodis describedn moredetailbelon. Note thatit works

only with two imagesandwith the single-coplanaritgonstraint.

The last methodevaluatedrelies on a simple homography-basegoint correction. A
planeobsenedby two camerasnducesanhomographyThis homographyelatesthe
projectionsof the pointslying on the plane. The family of suchhomographiegs 3-
dimensional provided that the epipolargeometryis known (this is linked to the fact
thata planehas3 degreesof freedom). In the calibratedcase they dependuponthe
relative posebetweenthe two camerasandon their intrinsic parameterslf all these
consisteng constraintsareignored,andif the piecevise planarstructureand motion
problemis considereanly for two views andwith single-coplanaritconstraintspne
candeviseasimpleprocesgo incorporateheknownledgeof coplanarityin a standard
unconstrainedeconstructiomethod.Indeed pnecanestimatdndependentlyachho-
mographycorrespondingo eachcoplanaigroupof pointsandcorrectthemsothatthey
perfectlycorrespondhroughthe homography A standardstructureandmotion algo-
rithm canthenbelaunchedwith asinput the correctedooints. Thisis whatPI-h does.
Obviously, this processs suboptimakincemostconsisteng constraintdave beenig-
nored,andsincethe nal reconstructionis only approximatelyplanar Extendingthe
ideato multi-view and multi-coplanarityconstraintspy enforcingall the underlying
consisteng constraintsvould yield the sameresultasour estimatoyup to the corver
genceof theunderlyingnon-linearoptimizers.However, the algebraicstructurewould
be more complicatedsince more consisteng constraintshave to be imposedin the
imagesthanin the 3D space.

Let usdescribehedifferentexperimentakituationswvhenvaryinga sceneparame-

ter andthe simulationresultswe have obtained.

Added imagenoise, gur e la: thestandardleviationof addedmagenoiseis varied

from O to 3 pixels;

Baseline, gur e 1b: thebaselings variedbetweerD.1and1 meter;
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Number of points, gur elc: thenumberof pointsis respectiely equalto 50 , 10

and1 for eachface,edgeandvertex of thecube,where variesfrom 0.1to 1;

Number of views, gur e1d: thenumberof views variesfrom 2 to 10. Thedifferent
camerasare situatedsuchthat the baselinebetweentwo consecutie onesis 1

meter;

Distancescene/camerasgur e le: the distancebetweenthe cubeandthe cameras

is variedbetweenl0 and20 meters.

In all thesecasesthemethodPo-ML basecdnly onindividual pointreconstruction
givesresultsof a quality lower than methodsPI- modelingalso planes(the residual
is at leasttwice aslow). The methodPI-ML performsslightly betterthanPl-wt in all
cases.Finally, methodPI-h givesresultsslightly worsethan Pl-wt, but much better
thanPo-ML.

Oneaspecinot shavn onthe graphsof gure 1, dueto the useof a medianvalue
over a large numberof trials, is that methodsPo-ML and Pl-wt have a percentagef
corvergencdower thanPI-ML andPI-h, especiallyfor unstablecon gurations(large
imagenoise,small baselinehigh distancescene/camerasic.). For example,the per
centageof convergentestimationover 1000trials is 95.2%,89.1%,97.5%and97.3%
for Po-ML, Pl-wt, PI-ML and PI-h respectiely, for a distancescene/camerasf 20

metersanda 0.1 meterbaseline.

Planeun atness, gur el1f: 3D pointsareoffsetfrom the planesthey lie on by dis-
tancedrawn from a normaldistribution with standarddeviation betweerD and

0.1 meters.

We obsene that thereis a thresholdon the plane un atnesswheremethodsPlI-
usingthe knowledgeof planesbegin to performworsethan methodPo-ML. It is in-
terestingto de ne the breakdowrratio, denotedby ", astheratio betweernthe extent
of 3D noiseandplanesurfacearea,assuminghatthe scends seencompletelyin all
views. In the caseof gure 1f, "=6%, recallingthateachplaneof the cubeis 1 square

meter Thevalueof " depend®n all scengparameters.
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Figure 1: Comparisonof the 3D residualsfor differentapproachesersusdifferent

sceneparametersNote thatmethodPI-h is not visible on (d) sinceit works with two

viewsonly.
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n=2 3m. 10m. 20m. n=10 3m. 10m. 20m.
lpixel | 0.5% 2% 4% lpixel | 0.3% 1.2% 3%
3pixels| 2% 6% 9% 3pixels | 1.3% 4% 8%

Table5: Breakdavnratio" for differentscenecon gurations(imagenoise,numberof

views, distancescene/cameras).

Table5 shavsvaluesof " establishedxperimentallyfor variousscengparameters.
We obsere thatthe lessstablethe con guration is the higheris ", i.e. the moreim-
portantis the incorporationof multi-coplanarityconstraintsgvenif the sceneis not
perfectlypiecevise planar

Thevaluesof oneor severalpercentin table5 representelatively large variations
which are superiorto thoseof a greatmajority of approximatelyplanarreal surfaces.
Consequentlywe cansaythatthereare mary casesvhena methodusing piecavise
planaritywill performbetterthanarny methodbasedn individualpointreconstruction.

Similar resultswith otherpoint- and plane-basednethodshave beenobtainedin
[4]. We have also performedsimilar experimentsin the calibratedcase,i.e. there-
constructionsobtainedare Euclidean,and we obsened that this doesnot changethe
resultssigni cantly. This canbeexplainedby thefactthatthe optimizationcriterionis
image-basedandsoinvariantto projective transformationsuchasthe upgradefrom

projectveto metricspace).

Comparing the motion estimates. We comparethe resultson the motion param-
etersprovided by the different methods. We use the sameexperimentalsetupas
previously. The quality of the estimatedmotion is measuredas follow. We ex-
tractthe n projectioncentersC; of the estimatedcameramatricesand computethe
3D residualofrEheir Euclideandistancego the ground-truthprojection centersC;:

1I"

Emoton= 7 ?:1 d2(HCj;C;). The3D homographyH is estimatedasin the pre-

vious case,using non-linearminimizationof E, i.e. usingestimatedo ground-truth
point correspondence®stimatingit with correspondingentersof projectionwould

be highly sensitve to noise,dueto thelow numberof data). We measureghe median
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valueof E pmotion Over 100trials.

Let usdescribehedifferentexperimentakituationsandresultsobtained.

Added imagenoise, gur e2a: the standarddeviation of addedmagenoiseis varied

from O to 3 pixels;

Number of views, gur e 2b: the numberof views is variedfrom 2 to 10, a 3 pixels

standardleviation noiseis added.

003 0025 .
x Po-MIL < Po-ML
Pih 'y Plwt
Plwt . ~= PiML
Pl .

o015

3D residual (meters)

3D residual (meters)

o5 1 RS 3 2 3 P s N
Noise standard deviation (pixels) Number of views

() (b)

Figure2: Comparisorof the 3D residualdor the motionfor differentapproacheser-
susdifferentsceneparameters.Note that methodPI-h is not visible on (b) sinceit

workswith two views only.

As alreadyobsened for the resultson the structure,the methodPo-ML that do
not usecoplanarityinformation performsworsethanthe others. The methodPI-ML
performsbetterthanPl-wt andthemethodPI-h performsworsethanPl-wt. We obsene
thatthe gap betweenplane-basednethodsPI- andthe point-basednethodPo-ML is
reduceccomparedo theerrorestimatedn the structure.In all casesye alsoobsene
that the error measureobtainedis worse thanfor the structure. This is dueto the
factthatthe homographymappingthe reconstructionmesultto the ground-truthdatais

estimatedby minimizing thecriterionE, basedon the structureonly.
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space approach step | rep.error(pixels) | #iterations
) init. 3.86 -
unconstraine
o MLE 1.07 7
projective
. init. 1.90 -
constrained
MLE 1.20 3
unconstrained MLE 2.69 6
metric ) init. 3.86 -
constrained
MLE 1.43 9

Table6: Reprojectiorerrors(pixel) andnumberof iterationsof non-linearoptimizers
atvariousstage®f thereconstructiorprocess MLE standgor MaximumLik elihood

Estimator
6 ResultsUsing Real Images

In this section,we presenthereconstructiorresultsobtainedusingtheimagesshovn
in gure 3. Similarresultshave beenobtainedwith otherimagegse€[5]). We describe
the differentstepsfollowedto performa completereconstructionfrom the imagesto
the 3D texturedmodel. Table6 shovsthereprojectiorerrorsobtainedatvariousstages

of theprocess.

Figure3: Imagesusedto validatethe method.

Structure and motion initialization. This has been obtainedusing image point
matchesgiven manually We perform a partial reconstructiorfrom two imagesus-
ing themethod[15, 16] andincrementallyaddthe otherimagesto obtainthe complete
structureand motion. We thenrun a bundleadjustmento minimize the reprojection

errorandto obtainthemaximumlik elihoodestimatefor anunconstrainegtructure.
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Multi-coplanarity — constraints. These relationships are established semi-
automatically using plane homographies. The user provides three image points
matchedn atleastoneotherview to obtaina rst guesdor theplane.Theotherpoints
lying on this planearethenautomaticallydetected.The usermay interactto correct

badlyclusteredpointsandaddpointsvisible in only oneview.

Constrained re nement of structure and motion. From the previous data, the
structureis parameterizeds describedin x3 and the maximumlik elihood estimate
for constrainedtructureandmotionof x3.3is computed Accordingto table4, points
visiblein only oneview andconstrainedo lie ontwo or moreplanesarereconstructed

andinvolvedin theoptimizationprocess.

Structur ecompletion. Pointsappearingn only oneview andlying ononeplaneare
thenreconstructedThe structureis completein the sensehatno morepointswill be

furtheradded.Figure5 shaws structurereprojectionon anoriginalimage.

Calibration.  The metric structureis obtainedvia the self-calibrationprocessde-
scribedin x4.1 and the reprojectionerror is minimized while enforcing the multi-
coplanarityconstraintsas indicatedin x4.4. Figure 4 shaws differentviews of the
recoveredstructureandthe positioningof the camerasand gure 5 thereprojectionof
the modelin two original images. For the intrinsic parameter®f eachcameraonly
thefocal lengthsareinvolved. It appearghatalsoincluding principal pointsdoesnot

changesigni cantly theresults.

Texture maps. Thetexture mappingrequiresthe userto provide a polygonaldelin-
eationfor eachplanarfacetin oneof theimages.Thetexture mapsarethenextracted
andperspectiely correctedusingcalibratedprojectionmatricesandbicubicinterpola-

tion. Figure6 shows differentviews of therecoveredtexturedmodel.

Quality assessment. We have performedseveralmeasuresn the metricreconstruc-
tion “before” and “after” the constrainedoptimization process(i.e. re ecting the

changesvhenusingthe methoddescribedn this paper). Two kinds of quantity are
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Figure4: Recoreredmetric structureandmotion. The structureis shovn asa setof
planarpolygonswhile thedifferentcameragthe motion) arerepresentedly pyramids.
The heightof a pyramid is proportionalto the recoveredfocal length of the camera.
The bottom-rightimageshaws a renderingfrom above the point of view of the right

imageof gure 5.

Figure5: Reprojectiorof the recoveredmodelonto the original images.The crosses

indicatethe positionof thereprojectecoint features.
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Figure6: Differentviews of the texturedmodel. Note thatartefactsmay be induced
by possiblyunmodeledchon-planampartsof the surfaces.e.g. the pole bulging out of
theroof in the top-rightimageis wrongly mappedo the roof plane,andis therefore

distortedin otherviews, e.g.thetop-leftone.
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1 2
before | 0.0489 0.0254 0.1032
after | 0.0102 0.0168 0.0720

Table 7: Metric measure®n the Euclideanreconstructioribefore” and “after” the
constrainedptimization. Thelower 1, , and (seetext) are,the bettertherecon-

structionis.

signi cant: lengthratiosandangles.Table7 shovs measuresf suchquantities.n this
table, 1 and , arethevariancef thelengthof respectiely the heightandwidth of
thelargestwindowsonthetwo walls,whereas isthemeanofl 2 ;= where ; are
the measure®f right angles.The valuesgivenin table 7 shav thatthe metricrecon-
structionobtainedwith our methods clearlyof superiomquality thantheunconstrained

one.

7 Conclusions

We have presentedhn hybrid approachthat dravs on the strengthof both the tradi-
tional feature-and primitive-basedapproaches,e. the reconstructions accurateand
the recoveredmodel allows to producephotorealisticrendering. More precisely we
focuson the caseof pointsandplanesrelatedby multi-coplanarityconstraintsandon
thedesignof aconstrainedstructue andmotionmaximumlik elihoodestimatoiin both
theprojectiveandthemetriccasesThis maximumlik elihoodestimatousesa minimal
parameterizationf scenestructure enforcingunderlyinggeometricconstraintaanda
quasi-minimaparameterizationf motion.

Experimentalresultson simulateddatashow that the quality of the reconstruc-
tion obtainedwith our methodis clearly superiorto thoseof traditionalfeature-based
methodsjn a large variety of experimentalcon gurations,andfor both structureand
motion. We alsoconsidetthecasenvhensurfacesareonly approximatelyplanarandex-
perimentallydeterminedreakpoint®f planeun atnessabovewhichtheincorporation

of multi-coplanarityconstraintsnakesthe estimatiorlessreliable.
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The methodis validatedusingreal images. The resultsare corvincing, in terms
of both renderingquality andaccuray of metric valuescomparedo a feature-based
method.

The implementatiorof our methodscomprisesnodulesfor unconstrainegbrojec-
tive reconstructior(“linear” onesand bundle adjustment) constrainedorojective re-
constructior(initialization andoptimization),self-calibration(“linear” methodandop-
timization), aswell asconstrainedEuclideanreconstructiorinitialization andbundle

adjustment).
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