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Abstract

This paperis aboutmulti-view modelingof a rigid scene.We merge the tra-

ditional approachesof reconstructingimage-extractablefeaturesandof modeling

via user-provided geometry. We usefeaturesto obtaina �rst guessfor structure

andmotion,�t geometricprimitives,correctthestructuresothatreconstructedfea-

tureslie exactly on geometricprimitivesandoptimizeboth structureandmotion

in a bundle adjustmentmannerwhile enforcingthe underlyingconstraints.We

specializethis generalschemeto thepoint featuresandtheplanegeometricprim-

itives. Theunderlyinggeometricrelationshipsaredescribedby multi-coplanarity

constraints. We proposea minimal parameterizationof the structureenforcing

theseconstraintsanduseit to devise the correspondingmaximumlikelihoodes-

timator. The recoveredprimitivesarethentexturedfrom the input images.The

resultis anaccurateandphotorealisticmodel.

Experimentalresultsusing simulateddatacon�rm that the accuracy of the

model using the constrainedmethodsis of clearly superiorquality comparedto

that of traditional methodsand that our approachperformsbetter than existing

ones,for variousscenecon�gurations. In addition,we observe that the method
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still performsbetterin a numberof con�gurationswhentheobservedsurfacesare

notexactly planar. We alsovalidateourmethodusingrealimages.

Keywords: 3D Reconstruction,PiecewisePlanarScene,ConstrainedStructureand

Motion, MaximumLikelihoodEstimator.

1 Intr oduction

Thegeneralproblemof scenemodelingis, givenasequenceof imageswithoutapriori

information,to recovera modelof thesceneaswell as(relative)poseandcalibration.

Performingthis taskaccuratelyis oneof thekey goalsin computervision.

In this paper, we focuson the geometricscenemodeling,i.e. we do not address

aspectsof lighting andsurfaceappearancerecovery besidesperspective correctionof

texturemaps.We aim at devising a framework for the recovery of photorealisticand

accuratemodelsfrom asparsesetof images.

Existing works fall into two categories: the feature- and the primitive-basedap-

proaches.By features, we designatetwo- or lower-dimensionalgeometricentitiesthat

canbeextractedfrom individual images(e.g.points,lines,conics).By primitives, we

meanotherentities,e.g. planesor higher-dimensionalones(cubes,spheres).Let us

examinethesetwo approachesin moredetail. First, theprimitive-basedapproach,see

e.g. [9, 22, 34], in which the usertypically providesparametricprimitivesthrougha

modelingprogram. Parametersaredeterminedusing3D-2D or 2D-2D matchesand

possiblyre�ned usingphotometriccriteria, suchasmaximizationof the gradientfor

wireframemodels,to optimizetheir reprojection. If necessary, cameracalibrationis

performedandtexture mapsareextractedfor eachprimitive to producea renderable

model. This approachhasprovento give convincing results,notablyin termsof pro-

ducingphotorealisticrendering.

Thefeature-basedapproach,seee.g. [6], relieson theexistenceof extractableim-

agefeatures.Thesefeaturesarematchedaccrossthe differentviews, typically using

photometricandgeometriccriteriaor by hand. From these,structureandmotion are

recovered. If necessary, cameracalibrationis performedandparametersre�ned in a
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bundleadjustmentmanner. This approachhasprovento provide accuratereconstruc-

tion results,dueto thehigh (in general)numberof featuresconsidered.Theproblem

is thatmodelinga scenewith featuresalonedoesnot allow to producephotorealistic

rendering. Several works considerthis issue,by usingas featuresall the pixels, via

densematching[30], space-carving[21, 31], or plenopticmodeling[14, 23]. Themain

limitation of at leastthelatterapproachis thatahighnumberof imagesis necessaryto

achieve accuratereconstruction.Otherapproachesrelying on ana priori known envi-

ronment(e.g.usingturn-tablesequences[27, 38] or apparentcontours[8]) canproduce

highquality renderingbut donotwork in thegeneralcase.

Actually, thereexistsacontinuumbetweenthetwo extremefeature-andprimitive-

basedcategories,madeof hybridapproachesusingbothfeaturesandprimitives1. These

approachesaremadeto draw onthestrengthof bothfeature-andprimitive-basedcate-

gories:thehigh(in general)numberof featuresmightallow to obtainanaccuratemodel

recovery (evenmoreaccuratethanfor feature-basedapproaches)while theprimitives

contribute to form a photorealisticmodel. In hybrid approaches,the featuresandthe

primitivesarelinkedby geometricconstraints.

We studysuchanhybrid approachbasedon thepoint featureandtheplaneprimi-

tive. Thegeometricconstraintsusedareincidenceof pointswith none,oneor several

modeledplanesandarecalledmulti-coplanarityconstraints. Thecorrespondingcon-

strainedstructureandmotionrecoveryprocessis thencalledpiecewiseplanarstructure

andmotion.

Thesechoicesaremotivatedas follow. The point is a standard,widespreadfea-

ture thatmaybeeasilyextractedfrom the images.Most existing sparsestructureand

motionrecoverysystemsdealwith point features.Theplaneis a primitivesuf�ciently

generalto modela largenumberof realscenes,especiallyin man-madeenvironments.

Moreover, thereare several works dealingwith planes,that might be useful for an

integratedmodelingsystem:planedetection[3, 7, 10, 11, 12, 32, 40], plane-guided

point matching[1, 11, 12, 32, 45], andself-calibrationusingtheknowledgeof planes

[1, 24, 42, 45, 46].
1Notethatthis is verydifferentfrom thehybridapproachof [9] which is actuallyprimitive-based.
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Concretely, we proposemethodsto parameterizepointsandplanesundermulti-

coplanarityconstraints.Thisparameterizationis consistentin thesensethatits number

of parametersis thesameasthenumberof degreesof freedomof thescene.It is em-

ployedto derive maximumlikelihoodestimators.Scenestructureandcameramotion

areconsistentlyestimatedat once. A projective aswell asa Euclideanversionof the

estimatorarederived. The recoveredstructureperfectlysatis�es the geometriccon-

straintsandis optimalin thisrespect,whereoptimalmeansmaximumlikelihoodunder

ageometricerrormodel.

In the following two paragraphs,we presentthe piecewise planarstructureand

motionprocessandreview existingwork.

Piecewiseplanar structur eand motion. Givenpoint correspondencesbetweenim-

ages,traditional unconstrained structure and motion reconstructthe points without

usinggeometricconstraints.First, suboptimalmethods,seee.g. [6, 37], areusedto

computeaninitial solution.Theresultis thenre�ned usingbundleadjustment[33, 44].

If cameracalibrationis not available,the resultis a projective reconstruction.In this

case,the calibration information can be recoveredon-line using several techniques

[18, 25, 29, 41]. Theuncalibratedreconstructionis thenupgradedto metricandbundle

adjustmentis usedto computeanoptimalmetricstructureandmotion.

In the projective case,whenonly pointsareusedas features,then the scenehas

11n � 15+ 3m essentialdegreesof freedom,wheren is thenumberof views andm

thenumberof points.Eachview has11degreesof freedom;15degreesof freedomfor

thechoiceof theprojectivebasisarededuced.

Assumenow, thatnotonly pointcorrespondencesareavailable,but alsotheirplane

memberships.Thegoalis to computeanoptimalstructureandmotionincludingthege-

ometricconstraintsunderlyingto thespecialmulti-coplanarstructureof thepoints.Ide-

ally, this processis a maximumlikelihoodestimatoroptimizing feature,primitive po-

sitions,andviewing parameterswhile enforcingtheunderlyinggeometricconstraints.

Consequently, thereis aneedfor anew formulationof structureandmotion,thatmod-

elsbothfeaturesandprimitives,andthatpreservestherelationshipsbetweenthem,in

our case,that modelspointsandenforcesmulti-coplanarityconstraints.The useof
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sucha constrainedestimatorhasa strongimpacton thestructureandmotionprocess.

Comparedto the unconstrainedcase,the useof primitivesconstitutingan important

geometricconstraintonbothstructureandmotion,wecanexpectbetterreconstruction

results.It might alsobefaster, asthenumberof parametersis usuallylower.

Intra-primitiveconstraints,suchasapriori knownanglesor parallelismof themod-

eledplanescouldbeused.Oneproblemwith theseconstraintsis that,generallyspeak-

ing, they cannot be usedin a projective framework. Many otherkindsof constraints

couldbemodeled,suchasthecollinearityof points.

Choosingthe constraintsto modelis dif�cult. Indeed,this is a trade-off between

accuracy (themoreconstraintsareused,themoreaccuratethereconstructionwill be)

and the complexity of the algebraicmodeling. If too many kinds of constraintsare

used,thenwe endup with a network of constraints,that may be viewed asa graph

linking featuresand primitives, and that might be redundentin the senseof cycles

in this graph. Anotherissueis the automatizationof an integratedmodelingsystem.

High-orderconstraints,suchas the arrangementof planesin e.g. cubö�ds, aremore

dif�cult to detectthanthecoplanarityof asetof points.A comprehensivetreatmentof

thepossiblegeometricconstraintsis outof thescopeof this paper.

As saidbefore,theincorporationof multi-coplanarityconstraintshasanimpacton

the numberof essentialdegreesof freedomof the scene,e.g. a point on oneplane

has2 degreesof freedominsteadof 3 in the unconstrainedcase. Consequently, the

numberof degreesof freedomof suchascenebecomesequalto 11n � 15+ 3p+ 3m �
P

j j m j wherethenotationm j designatesthenumberof pointslying on j of a totalof

p modeledplanes.

Let usreview existingpiecewiseplanarstructureandmotionestimators.

Previous work. Most of the existing works yield only a sub-optimalestimationof

thegeometry. Actually, they fall into two categories:

� the recoveredstructureis only approximatelypiecewise planarso clearly the

resultscannotbeoptimal[11, 26, 39, 40,46];

� therecoveredstructureis piecewiseplanarbut themethodis notoptimalbecause
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it can not be turnedinto a maximumlikelihood estimatoror only the single-

coplanarityconstraintis modeled[1, 3, 5].

If wewantourestimatorto beoptimalwith respectto piecewiseplanarity, it hasto fall

into thesecondcategory, i.e. therecoveredmodelhasto beexactly piecewiseplanar.

Theconstrainedstructureandmotionis a maximumlikelihoodestimatorthatincorpo-

ratespoints,planesandmulti-coplanarityconstraintsin a bundleadjustmentmanner.

The costfunction is non-linear[33, 44] andsubjectto constraints.Thereareseveral

waysto conductsuchanoptimizationprocess,in particular, we coulduseconstrained

optimizationtechniquessuchassequentialquadraticprogrammingor a speci�c struc-

tureandmotionparameterizationenforcingthemulti-coplanarityconstraints[4, 5].

Ideally, thesetwo possibilitiesgive thesameresultsbecausethey arebothconsis-

tent (i.e. the numberof algebraicdegreesof freedomis the sameasthat of essential

degreesof freedomof the scene)andthe cost function beingoptimizedis the same.

However, in practice,theconvergenceof theoptimizationprocessis determinedby the

numberof parametersusedwhich directly in�uencesnumericalstability. This deter-

mineswhichmethodto usein whichcase.

In our case,the numberof parametersis high andso we have to reduceit to or

closeto theminimum,i.e. thenumberof essentialdegreesof freedom,if we want to

ensurea stableoptimizationprocess.The �rst possibility consistsin systematically

addingparametersto thesystemto modelconstraintsandis consequentlyunadapted.

The secondpossibility is lesssystematic,so needsmore algebraicmanipulationsto

be derived. However, the numberof parametersis so reducedthat the convergence

might befasterandmorereliable. Anotherissuethat is importantto bedealtwith for

both estimationcostandstability is that of analyticdifferentiationfor the non-linear

minimizer, which impliesthattheparameterizationhasaclosed-formexpression.

We addressedthecaseof two views andpointslying on oneplane(i.e. thesingle-

coplanarityconstraint)in [5] andextendedit to multi-view andmulti-coplanaritycon-

straintsin [4] wherewe derived the maximumlikelihood estimatorbut without the

possibility of analyticdifferentiation. In this paper, we presentan estimatorandthe

correspondingparameterizationwhich is minimal for thestructureandquasi-minimal
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for themotion,for n viewsandaquasi-generalsetof multi-coplanarityconstraintsand

whichallowsanalyticdifferentiation.

As realworld surfacesareonly approximatelyplanar, we experimentallyevaluate

the performanceof the constrainedmethodcomparedto an unconstrainedonewith

respectto differentdegreesof deviation from planarityanddifferentscenecon�gura-

tions.

Sinceour approachneedsto upgradeanuncalibratedreconstructionto metric,we

performself-calibration.To initialize abundleadjustmentprocedure,weusethelinear

methodof [28], inspiredby [41], for theestimationof variablefocal length.In practice,

weencounteredasingularsituation,thatis likely to occurin modelingapplications:the

opticalaxesof all imagesmeetin asingle3D point (whichwill usuallybethecenterof

themodeledobject).We adaptthebasicmethodto this caseandvalidatetheapproach

on realimages.

In x2 we give our notations.We thenpresentour parameterizationandthecorre-

spondingmaximumlikelihoodestimatorfor aprojectiveframework in x3, followedby

anequivalentschemein theEuclideancasein x4 wherewealsopresentself-calibration.

Wereportonexperimentsonsimulateddatafor constrainedstructureandmotionin x5.

Finally, x6 showsexperimentalresultsobtainedusingrealimagestakenwith anuncali-

bratedcamerawhichvalidateboththereconstructionandtheself-calibrationprocesses,

followedby our conclusions.

2 Notations

Physicalentities(points,planes,etc.) aretypesetusing italic fonts (X , � , etc.) and

their correspondinghomogeneouscoordinatevectorsusing the sameletters in bold

fonts (X , � , etc.). Matricesaredesignatedby sans-seriffontssuchasH. Vectorand

matrixelementsaretypesetusingitalic fontsandindices,e.g.X � (X 1; X 2; X 3; X 4)T

whereT is thetranspositionand� theequalityup to a non-zeroscalefactor.

The notationX =j is usedto designatethe vectorformedwith the elementsof X

with index differentfrom j . Similarly, X j  � representsthevectorX with thevalue�

insertedat the j -th position. Thecrossproductis written � andtheassociated3 � 3
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skew-symmetricmatrix [:]� .

We model camerasusingperspective projection,describedby a 3 � 4 homoge-

neousmatrixP. Non-linearoptimizationprocessesareconductedusingtheLevenberg-

Marquardtalgorithm[13].

3 ConstrainedProjectiveStructure and Motion

In this section,we describehow to minimally parameterizethe structureandquasi-

minimally themotion in theprojective case.We thenderive themaximumlikelihood

estimatorcorrespondingto theconstrainedstructureandmotion.

As shown in theexpressionfor thenumberof essentialdegreesof freedomof the

scene,we have to take into account15 degreesof gaugefreedomleft by thearbitrary

choicefor the projective basisof the reconstruction. Gaugefreedomis de�ned as

the internal freedomof choicefor a coordinatesystem[43]. It canbe �x ed usinga

particularformulationfor thestructure[17] or for thecameramatrices[6]. Dueto the

complexity of structureparameterization,wehavechosento absorbthegaugefreedom

into theparameterizationof motion.

In thenext two sections,we describerespectively our structureandmotionparam-

eterizations.

3.1 Structure Parameterization

As said in the introduction,we have to parameterizeboth planesand points and in

additionenforcethe underlyingmulti-coplanarityconstraints.The parameterization

consistsin passingfrom the usualhomogeneous4-vectorsthat representpointsand

planesin 3D projectivespace,to aminimalsetof parametersrepresentingthestructure

while enforcingthemulti-coplanarityconstraints.We �rst give an homogeneousand

consistentparameterizationfor planesandpointsand then remove the homogeneity

to reacha minimal parameterization.This last stepis achieved usingwhat we call

mappedcoordinatesthatallow to locally removehomogeneity. This is alsousedin the

parameterizationof themotionandin theEuclideancase.
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3.1.1 Multi-coplanarity Constraints

A multi-coplanarityconstraintis a geometricconstraintbetweena point anda setof

planes.Beforeparameterizingthestructure,wehaveto decidewhere,in theparameter-

izationof planes,of pointsor both,theseconstraintshaveto beincorporated.Actually,

it seemsinevitable to incorporatethemin the point parameterization.Let us investi-

gatethecaseof planeparameterization.Indeed,considerthecaseof a point lying on

morethanthreeplanes.Suchapointdoesnothave,in general,any degreeof freedom,

andcanbe determinedusingthreeof theplanesit lies on2. Oncethis point hasbeen

determined,it constrainsthepositionof theotherplanes.Consequently, planeparam-

eterizationis dependentonmulti-coplanarityconstraintsprovidedthey containa point

lying onmorethanthreeplanes.

If wedonotmodelpointslying onmorethanthreeplanes(or takeinto accountonly

threeof theplanesthey lie on), it is possibleto parameterizeeachplaneindependently

while themulti-coplanarityconstraintsup to threeplanesareto betakeninto account

only for point parameterization.Consideringthatpointslying on four or moreplanes

arerare,wemakesuchanassumption(analgebraicsolutionwill justbesketched).Let

usseethecorrespondingparameterization.

3.1.2 Planes

As saidabove, planesdo not incorporatemulti-coplanarityconstraintsandeachone

hastherefore3 degreesof freedom. An homogeneous4-vector is then a consistent

parameterization.

3.1.3 Points Under Multi-coplanarity Constraints

We describepoint parameterizationperformedundera local incorporationof multi-

coplanarityconstraints.Let usexaminedifferentpossiblemeans.We thenpresentour

solutionfor thedifferentmulti-coplanaritycases.

To simplify the reading,we considerthe caseof a 2D point x constrainedto lie

on a 2D line l , which is similar to the 3D single-coplanaritycase.Sucha constraint
2This is not trueif theplanesform apencil.
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is expressedas lT x = 0 and is satis�ed for any point expressedin the nullspaceof

lT � (l1; l2; l3).

Theapproachthatnaturallycomesto mind is to computea basisfor thenullspace

of lT andto expressthe coordinatesof point x in this basis. We examinetwo ways

to computethis nullspacebasisandshow thateachof themarenot appropriateto our

problem.

A basisfor thenullspaceof lT is givenby theskew-symmetric3 � 3 cross-product

matrixassociatedto l (thereareotherpossiblebases):

L � [l ]� �

0

B
B
B
@

0 � l3 l2

l3 0 � l1

� l2 l1 0

1

C
C
C
A

:

Onecaneasilycheckthat, as required,l T L = 0T
3 andrankL = 2. Any point on l

canbe representedby a linear combinationof the 3 columnsof L, therebyinvolving

3 homogeneouscoef�cients. This is not consistentsincea point on a line hasonly 1

degreeof freedom.Ontheotherhand,onecouldthink of usingonly 2 columnsof L as

abasisfor thenullspace,saydroptheleadingcolumnl 1. In thiscase,therepresentation

is consistent,but it is nomorecomplete:thepointwith coordinatel 1 lying on l cannot

berepresentedasa linearcombinationof thetwo lastcolumnsof L.

Another possibility is to computean orthonormalbasisfor the nullspaceof l T

throughe.g.its singularvaluedecomposition:

lT � lT diag(1; 0; 0)
�

l3� 1 j �V3� 2

�
:

In thiscase,thebasisgivenby thetwo columnsof �V is minimalandthecorresponding

parameterizationwould beconsistent.However, sincetheentriesof �V do not depend

directly on the coef�cients of l , analyticdifferenciationwould not be possiblein the

underlyingoptimizationprocess.

Consistency andanalyticdifferenciationarethemain reasonsfor our speci�c pa-

rameterizationto be used. We successively dealwith pointslying on none,one,two

andthreeplanes.
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Unconstrained points. Sucha point doesnot lie on any modeledplaneandbeing

thereforenotsubjectto any modeledgeometricconstraint,it has3 degreesof freedom.

An homogeneous4-vectoris thenaconsistentparameterization.

Single-coplanarpoints. Let X be a point constrainedto lie on a plane� . Sucha

point has2 degreesof freedomandour goal is thento expressit via anhomogeneous

3-vector—insteadof thegeneralhomogeneous4-vector—by incorporatingthesingle-

coplanarityconstraint.

Algebraically, this constraintis written as � T X = 0. Let us �nd a changeof

projective basiswhereeachpoint lying on � hasanelement�x edto a constantvalue,

sothatthis elementcanbeignoredin theparameterizationof X . For thatpurpose,we

de�ne theclassof homographiesHj
� by theidentitymatrixof size4 � 4 wherethej -th

row (j 2 f 1 : : : 4g) hasbeenreplacedby the4-vector� T (e.g. H1
� �

0

@
� T

0 3 I 3 � 3

1

A ).

Let � � Hj
� X betherepresentationof X in this new basis.By de�nition of Hj

� , we

have� j = 0 andthepointX canthereforebeparameterizedby � =j , thehomogeneous

3-vectorformedfrom the3 elementsof � with index differentfrom j , X beingfurther

recoveredusingX � Hj
�

� 1
� .

Thereare4 possibilitiesfor thechoiceof j . SinceHj
�

� 1
is necessaryto recoverX

from � , we choosej asthe index that maximizes(in magnitude)the determinantof

Hj
� : j = argmax i j det Hi

� j which in fact leadsto j = argmax i j� i j. Sucha choice

ensuresHj
� to bea bijective transformationsincedet Hj

� = � j that,by construction,is

alwaysnon-zero.Indeed,� is an homogeneousvectorandhasthereforeat leastone

non-zeroelement.

Table1 shows thepracticalalgorithmfor parameterizing/unparameterizingX 2 �

derivedfrom theabovereasoning.In theunparameterization,we divide by � j that,as

saidabove,is alwaysnon-zero.

Thedroppedcoordinatedependson thecurrentestimateof � . Therefore,it might

changebetweentwo stepsof the optimizationprocess.However, this doesnot cre-

ate discontinuitiessinceafter eachoptimizationstep, the structureis unparameter-

ized andstandardhomogeneouscoordinatesarerecovered. The structureis thenre-

parameterizedfor the next iteration, and the index of the droppedcoordinatemay
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Let X bea point subjectto a single-coplanarityconstraintwith plane� . Thehomoge-

neous4-vectorX representsX in thecurrentprojectivebasiswhile thehomogeneous

3-vector eX is a parameterizationof X incorporatingthesingle-coplanarityconstraint.

Parameterization(X ! eX ):

� choosej suchthat j = argmax i j� i j subjectto j 2 f 1 : : : 4g in the projective

caseandj 2 f 1 : : : 3g in theEuclideancase;

� eX � X =j .

Unparameterization( eX ! X ):

� compute� = �
P

i 6= j � i X i

� j
;

� X � eX j  � .

Table1: Parameterization/unparameterizationof asingle-coplanarpoint.

change. The parameterizationis thereforeusedin a local manner, which is impor-

tantin orderto keepsmooththecostfunctionandto avoid creatingsingularitiesin the

minimizationprocess.

Multi-coplanar points, two planes. Let X bea point constrainedto lie on planes�

and� 0. Sucha point has1 degreeof freedomprovided that � 6= � 0 andour goal is

thento expressit via anhomogeneous2-vector—insteadof thegeneralhomogeneous

4-vector—by incorporatingthemulti-coplanarityconstraint.

We follow the samereasoningas for the previous case. We de�ne the classof

homographiesHj;j 0

� ;� 0 by thematrix Hj
� wherethej 0-th row hasbeenreplacedby the4-

vector� 0T (e.g.H1;2
� ;� 0 �

0

B
B
B
@

� T

� 0T

02� 2 I 2 � 2

1

C
C
C
A
). Let usconsider� � Hj;j 0

� ;� 0X . By de�nition

of Hj;j 0

� ;� 0, wehave� j = � j 0 = 0 andpointX canthereforebeparameterizedby � =j;j 0,

thehomogeneous2-vectorformedfrom the2 elementsof � with index differentfrom

j andj 0, X beingfurtherrecoveredusingX � Hj;j 0

� ;� 0

� 1
� .

Sincej and j 0 must be different, this leaves 4 � 3 = 12 different choicesfor

them. As Hj;j 0

� ;� 0

� 1
is needed,we choosej andj 0 suchthat the determinantof Hj;j 0

� ;� 0
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is maximized(in magnitude).Subsequentlyderiving a practicalalgorithmas in the

single-coplanaritycaseis thenstraightforward.

Multi-coplanar points, thr eeplanes. Let X bea point constrainedto lie on planes

� , � 0 and� 00. As alreadymentionedpreviously, it is straightforwardto seethata point

lying on threeplanesdoesnot have, in general,any degreeof freedom3. Suchpoints

arethereforenot representedin theparameterizationandhaveto berecoveredfrom the

threeplaneequations.Therearetwo waysto do that. Onecaneitherchoosea scheme

similar to theonegivenpreviouslyor usethegeneralizedcross-product,whichgivesa

closed-formexpressionfor thepoint(eachpointcoordinateis givenby thedeterminant

of a3 � 3 matrixof planecoef�cients).

Multi-coplanar points, more than thr ee planes. As said previously, this caseis

rare.Dealingwith it properlywouldaddagreatcomplexity to thesystem,in thesense

thatconstraintswould thenbeexpressednotonly onpointsbut alsoonplanes,thereby

creatinga graphof constraintswith possibleredundanciesandcycles. Let ussketch,

however, how the caseof a point X lying on 4 planes� , � 0, � 00and � 000could be

handledalgebraically. Otherhigherordercases,thoughmorecomplicated,couldthen

behandledin asimilar manner. Theconstraintsareexpressas:

BT X = 04 whereB4� 4 �
�

� � 0 � 00 � 000
�

:

This equationmeansthat the matrix B hasa (at least)1-dimensionalnullspace,i.e.

det B = 0, whichyieldsa4-linearconstraintonthecoef�cients of theplaneequations.

If onechoosesto constraine.g. plane� , thenoneof its coordinatesmay be dropped

by consideringthe above-derivedequation,andby applyinga schemesimilar to that

describedin table1, for thesingle-coplanaritycase.

Modeling intra-primiti vemetric constraints. In thisparagraph,wegivesomehints

on thealgebraicmodelingof intra-primitive constraints,andin particularon theper-

pendicularityandtheorthogonalityof planes.As explainedin theintroduction,acom-

prehensivetreatmentof all theseconstraintsis outof thescopeof this paper.
3This is not trueif theplanesform apencil.
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Firstly, considertheperpendicularityof two planes� and� 0. Thisconstraintcanbe

algebraicallyexpressedby consideringthatthedotproductbetweenthenormalvectors

of two suchplanesmustvanish:

� 1� 0
1 + � 2� 0

2 + � 3� 0
3 = 0:

Thisbilinearconstraintcanbeenforcedby theeliminationof oneparameterto contrain

oneof the two planesto beperpendicularto theotherone. We endup with thesame

problemasthatof modelingthesingle-coplanarityconstraintdescribedabove.

Secondly, considerthe modelingof the parallelismof two planes� and� 0. The

normalvectorsof two suchplanesmustbe equal,up to scale,which is equivalentto

nullifying therecross-product:
8
>>><

>>>:

� 2� 0
3 � � 3� 0

2 = 0

� 3� 0
1 � � 1� 0

3 = 0

� 1� 0
2 � � 2� 0

1 = 0:

Amongthese3 equations,only 2 areindependent,but onecannot choose2 of thema

priori. Therefore,dependingof which planeis to becontrainedandon which axes,2

equationsareusedto eliminate2 of its parameters.Sincetheseequationsarebilinear,

we endup with thesameproblemasthatof modelingthemulti-coplanarityconstraint

with 2 planes,describedpreviously.

3.1.4 Mapped Coordinates

Homogeneousalgebraicentitieshave an internalgaugefreedomasthey areonly de-

�ned up to a non-zeroscalefactor. Consequently, they arenot minimal in the sense

that they areoverparameterized.We de�ne a tool calledmappedcoordinatesthat lo-

cally removesthehomogeneity, in otherwordsproducesa minimal versionof anho-

mogeneousentity. Let us considerthe caseof homogeneousvectorsof P� , which is

not a restriction,themethodbeingvalid for any homogeneousentity (matrix, tensor).

In moredetail, a (� + 1)-vectorv , canbe decomposedinto a � -vector ev anda map

� 2 f 1; : : : ; � + 1g, theindex of acoef�cient to be�x ed.An importantpropertyis that

slightly changingv doesnot, in general,affect � but only ev , andif � is affected,it will
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usuallynotcreatenumericalinstability (in thesensethatthemaximumcoef�cient of v

will not tendtowardszeroduringe.g.optimization).

The map� is chosenas the index of the entry of v that hasthe largestabsolute

value.Thischoicecanbejusti�ed asfollows. If weassumethatall entriesof v havethe

sameprobabilityto becomezeroduringanoptimizationstep,ourchoiceminimizesthe

probabilitythattheselectedentry(i.e. theonecorrespondingto themap� ) vanishes.

Consequently, this systemis adaptedto non-linearoptimizerssuchasLevenberg-

Marquardt[13], wherethe mapcanbe re-estimatedat eachstepof the optimization

process.A practicalalgorithmfor usingmappedcoordinatesis givenin table2.

Let v be an homogeneous(� + 1)-vector. Any other homogeneousentity (matrix,

tensor)canbe broughtbackto this caseby stackingits elementsinto a singlevector.

The inhomogeneous� -vector ev representsthe mappedcoordinatesof v whereasthe

integer� representsits map.

Mapping(v ! (ev ; � )) :

� choose� suchthat� = argmax i jv i j;

� ev = v =�

v �
.

Unmapping(( ev ; � ) ! v ):

� v � ev �  1.

Table2: Mappedcoordinatesfor homogeneousentities.Only ev hasto be includedin

optimizationprocesses.

3.1.5 Summary of Structur eParameterization

Wehavegivenalgorithmsto exploit multi-coplanarityconstraintsfor upto threeplanes

perpoint. Theseconstraintsareenforcedin an homogeneousmannerwhile reducing

thenumberof parametersfor eachpoint, seex3.1.3,andthehomogeneityis removed

usingmappedcoordinates,asindicatedin table2, to obtainaminimalparameterization.
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3.2 Motion Parameterization

In this section,we �rst parameterizecameraprojectionmatricesin an homogeneous

mannerandthenremovethehomogeneityusingmappedcoordinatesto obtainaquasi-

minimalparameterization.

Wehavechosenpreviously to �x theprojectivereconstructionbasisvia thecamera

parameterization.It hasthento express11n � 15 degreesof freedombut actuallyhas

10+ 11(n � 2) parameters(seebelow), i.e. is overparameterizedby 3. This is not a

problemfor theoptimizationprocesssincethisnumberdoesnotdependneitheron the

numberof viewsnor on thenumberof points.

The numberof parametersis obtainedas follows. Eachof the n views is rep-

resentedby 11 parametersfrom its cameramatrix, except for 2 of them, relatedby

the epipolargeometry(or equivalently, onespecial-formprojectionmatrix), that we

representusing10 parameters.More detailsaregiven below, wherewe describethe

geometryof one,two, threeor moreviews. Note that themotion parameterizationis

independentfrom thestructure,andin particular, doesnot dependon thefact that the

structureis constrainedor not.

One view. The projective reconstructionbasiscannot be uniquely�x ed. However

thecameramatrix P canbearbitrarily set,e.g.weusehereP � ( I j 0).

Two views. If we supposethat the �rst cameramatrix hasbeen�x ed, the second

onehas7 degreesof freedom.Indeed,thegeometryof sucha systemis describedby

theepipolargeometrycontainedin therankde�cient fundamentalmatrix F. Provided

P hasthe form given above, the secondcameramatrix can be extractedfrom F as

P0 � ( [e0]� F j e0) wheree0 is thesecondepipolede�ned by FT e0 = 0.

Minimally parameterizingthe rank-2-nessof the fundamentalmatrix requiresthe

useof several maps[5, 47] which is complicatedfrom an implementationpoint of

view. Alternatively, it is possibleto overparameterizerank-2-nessby usinga plane

homographyH andthesecondepipolee0. The secondcameramatrix is thenformed

asP0 � ( [e0]2� H j e0) where[e0]2� H is thecanonicalplanehomographywhich is the

only planehomographysatisfyingHT e0 = 0 [4] (it is thussingular).
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#views #dof #param. parameters gaugeconstraints

n = 2 7 10 eH, ee0 HT e0 = 0

n � 3 7 + 11(n � 2) 10+ 11(n � 2) eH, ee0, ePk � 3 HT e0 = 0

Table3: Motion parameterization.NotationseH, ee0 andePk respectively designatethe

mappedcoordinates(seetable2) of the canonicplanehomography(seetext), of the

secondepipole(i.e. the projectionof the �rst camera's centerof projectiononto the

imageplaneof thesecondcamera)andof othercameramatrices.dof standsfor degrees

of freedom.

In this paper, we usethis secondpossibility. The problemis parameterizedby

the 8 mappedcoordinatesof H andthe 2 mappedcoordinatesof e0, which yield 10

parameters.Consequently, it is overparameterizedby 10� 7 = 3 parameters,sincethe

two-view motionhasonly 7 degreesof freedom.

Thr eeor more views. Two or moreviews completely�x theprojectivebasis.Con-

sequently, eachadditionalview adds11 degreesof freedomto the systemandin the

generalcasetheircameramatricesdonothaveany specialform andhaveto beentirely

parameterized.We usemappedcoordinatesfor thatpurpose.

Themotionparameterizationis summarizedin table3.

3.3 Maximum Lik elihoodEstimator

We describethe maximumlikelihoodestimatorfor constrainedstructureandmotion

usingthepreviouslydescribedparameterization.We�rst analyzewhichkindsof points

arereconstructableandunderwhich conditions,notablyif they have to beincludedin

theconstrainedoptimizationprocess.We thenshow how to initialize theparameteri-

zationfrom ageneralstructureandmotion(whenmulti-coplanarityconstraintsarenot

enforced),in thecaseof motionandthenstructure.Finally, we give thecostfunction

anddetailson themaximumlikelihoodestimator.
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#views #planes unconstrained optimization constrained

0

0

no no

no

1 no

2 no

� 3 yes

1

0

no

no no

1 no yes

� 2 yes no

� 2 any yes yes no

Table4: Summaryof whichpointsarereconstructableunderwhichcondition.“uncon-

strained”indicatesa reconstructionwhenplanesarenot yet modeled,“optimization”

indicatesa reconstructionpossibleusing planesand for points that add redundancy

usefulfor optimizationand“constrained”indicatesareconstructionpossibleonly after

themaximumlikelihoodestimation.

3.3.1 Initialization

At this step,we supposeto have a �rst guessof structureand motion as well as a

clusteringof pointsinto multi-coplanargroups,seex6.

Feature reconstructability. Planesare reconstructableprovided that at leastthree

pointsthatthey containcanbethemselvesreconstructedwithoutgeometricconstraints.

Onceplanesare reconstructed,new point reconstructionscan be obtained. Table 4

giveswhich points,in termsof the numberof views they areseenin andnumberof

planesthey lie on, can be reconstructedand if they have to be incorporatedin the

optimizationprocess(i.e. if they addredundancy usefulfor optimization).

Motion. We have to changethe projective basissuchthat the �rst cameramatrix

becomes( I j 0). This is doneby post-multiplyingall cameramatricesby anappro-

priatelychosen3D homographyandpre-multiplyingthestructureby theinverseof this

homography.
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Constrained structur e. Theinitialization of pointsdependingon thatof planes,we

�rst estimateplaneequationsandthenpoints.

A planeis �tted to thepointsof eachcoplanargroup. If X is a point lying on the

plane� , theconstraintX T � = 0 holds.By stackingtheequationsfor all pointslying

on theplane,we obtaina linearsystemfor � which canbesolvedusinge.g. singular

valuedecomposition.Anotherpossibility is to estimatea planehomographybetween

two imagesof theplaneandto furtherextracttheplaneequation.

The unconstrainedpoints and the multi-coplanarpoints lying on threeor more

planesareeasyto initialize. Indeed,the former arenot subjectto any modeledge-

ometricconstraintandaretakendirectly from theinitial structure,andthelatterdonot

haveany degreeof freedomandsodonotneedinitial values.

On theotherhand,single-coplanarandmulti-coplanarpointslying on two planes

needa specialinitialization. As we work in projectivespace,we cannot considerany

metric in space(suchasorthogonalprojection)andhave to do measurementsin the

images.

For asingle-coplanarpointX lying onaplane� , weconsideroneof its projections

andreconstructthe3D point by intersectingtheassociatedviewing ray with theplane

� . We measurethe reprojectionerror in all imageswhereX is visible. We iterate

over thesetof imageswhereX is visible andselecttheonethat minimizesthe total

reprojectionerror.

For amulti-coplanarpointX lying onplanes� and� 0, weadoptthesamemethod.

However, to ensurethatthereconstructedpoint liesonthetwo planes,weorthogonally

projectoneof its imagepointsontotheprojectionof the intersectionline of � and� 0

andthenreconstructasabove. Which plane� or � 0 is usedto reconstructdoesnot

matter. Detailsfor this initializationaregivenin [4].

3.3.2 Optimization

Our goal is to derive an optimal estimator, in the senseof the maximumlikelihood,

for pointsandplanesundermulti-coplanarityconstraints.This result is obtainedby

enforcingexactly theconstraints,asis doesby ourparameterization.Thecostfunction
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to minimize is the root meansquareor, equivalently, the sumof squareof the repro-

jectionresiduals[33, 44]. In fact, this givesthemaximumlikelihoodestimatorunder

theassumptionthat errorsin imagepoint positionsareidentically andindependently

distributedaccordingto a centeredGaussian,or normal,law.

We alsoincludecameramotion parametersinto thenon-linearoptimizationsince

anindependentcomputationof themaximumlikelihoodestimatefor thestructureonly

is notpossible:bothstructureandmotionhave to beestimatedat once.

The cost function, denotedby C, dependson measuredimagepointsx ij andon

reprojectedpointsx̂ ij predictedby structureandmotionparametersS. It is de�nedby:

C(S) =
X

i

X

j

wij d2(x ij ; bx ij ):

Indicesi andj respectively representthe differentimagesandthe differentstructure

pointsandd(:; :) is theEuclideandistance.We setwij =1 if andonly if the j -th point

appearsin thei -th imageand0 otherwise.Theoptimalstructureandmotionparameters

Ŝ arethengivenby theminimizationof CoverS:

Ŝ = argmin
S

C(S):

This is donein practiceusingtheLevenberg-Marquardtalgorithmwith analyticdiffer-

entiation.

Let us investigatehow to upgradethe obtainedstructureandmotion to a metric

frame.

4 ConstrainedEuclideanStructure and Motion

In this section,we describehow to upgradethepreviously recoveredprojective struc-

tureandmotionto metricandhow to parameterizethemin orderto obtainaconstrained

maximumlikelihoodestimator.

4.1 Upgrade to Metric

Thereexist severalpossibilitiesto upgradea projectivereconstructionto metric,with-

out a full prior calibration,e.g. by providing constraintson scenestructure,camera
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motion,or calibration.In this work, we performself-calibration.A Euclideanbundle

adjustmentis initializedusingthelinearmethodof [28], inspiredby [41], thatassumes

known intrinsic parameters,besidesthe variablefocal length. The methodis rather

straightforward,but we describeit heresincethebasicmethodis subjectto a degen-

eratesituationwe encounteredin practice,and that is likely to occur quite often in

modelingapplicationsfor e.g.built environments.Wegiveavariantof themethodthat

doesnotdegeneratein this case.

Supposethat Pi arethe projectionmatricesassociatedwith the projective recon-

structionobtainedsofar. Wesupposethatall theintrinsicparametersaregiven,besides

the focal lengths,f i , for the individual images. In practice,we assumethe principal

points(ui ; vi ) to lie in thecenterof the respective image,andwe know thecameras'

aspectratios� i (in fact,they couldeasilybeincludedin thelinearself-calibrationrou-

tine). The skew factor is neglected,i.e. we assumepixels to be rectangular(in the

linearmethod;skew is estimatedduringbundleadjustment).

Self-calibrationis basedon estimatinga projective transformationT suchthat the

transformedprojectionmatricescanbedecomposedinto extrinsicandintrinsicparam-

eters,suchthatthelatterhavetheknown values,i.e.:

9f i ; Ri ; t i : Pi T �

0

B
B
B
@

� i 0 ui

0 1 vi

0 0 1

1

C
C
C
A

0

B
B
B
@

f i 0 0

0 f i 0

0 0 1

1

C
C
C
A

( Ri j t i );

wherethe Ri are orthonormalmatricesand the t i 3-vectors. Consideringonly the

leading3 � 3 submatrixof theequation,andmultiplying it by its transpose,we get:

Pi
�T �TT PT

i �

0

B
B
B
@

� i 0 ui

0 1 vi

0 0 1

1

C
C
C
A

0

B
B
B
@

f 2
i 0 0

0 f 2
i 0

0 0 1

1

C
C
C
A

0

B
B
B
@

� i 0 ui

0 1 vi

0 0 1

1

C
C
C
A

T

;

where�T is the4 � 3 matrix consistingof the�rst threecolumnsof T. Let

X = �T �TT

Mi =

0

B
B
B
@

� i 0 ui

0 1 vi

0 0 1

1

C
C
C
A

� 1

Pi :
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Then,theaboveequationbecomes:

Mi XMT
i �

0

B
B
B
@

f 2
i 0 0

0 f 2
i 0

0 0 1

1

C
C
C
A

: (1)

Thematrix X representsthe“absolutequadric”[41], in thespaceof theprojective

reconstruction.It is 4 � 4, symmetricandof rank3.

Let m T
ij be the vector representingthe j -th row of M i . From equation(1), the

following linearequationsonX canbeobtained:

m T
i 1Xm i 2 = 0

m T
i 1Xm i 3 = 0

m T
i 2Xm i 3 = 0

m T
i 1Xm i 1 � m T

i 2Xm i 2 = 0:

Therank-3constraintonX cannotbeimposedvia linearequations,which implies

that thereexist singularitiesfor thelinearmethod,thatarenot singularfor thegeneric

case[36]. The genericsingularities(critical motions)for self-calibrationof varying

focal length (with other intrinsic parametersknown), are describedin [20, 35]. An

imagingcon�gurationthatis singularfor thelinearapproach,but not in general,is the

casewheretheopticalaxesof all views passthroughone3D point. Imagesequences

takenfor modelingobjectswill veryoftenbesingularin this respect(e.g.thesequence

shown in �gure 3).

Due to this singularity, the systemof the above linear equationswill have a one-

dimensionalfamily of solutions:

X � X1 + � X2:

The rank-3-constraintallows to solve for � via the equationdet X = 0. This is a

degree-4-polynomialin � . We solve it numerically, thusobtaininga maximumof 4

solutionsfor X. To �nd a uniquesolution, we computethe focal lengthsthat each

solutiongivesrise to, andchoosethe solution,wheretheserespectpracticalbounds

(they haveto lie in aninterval of theorder[300; 5000], dependingonthecameraused).
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In practice,we alwaysfound a singlesolutionsatisfyingtheseconstraints,theothers

beingfaroff.

Focallengthsareextractedby computing! i � M i XMT
i andthen

f i =

s
1
2 (! i; 11 + ! i; 22)

! i; 33
:

FromtheestimatedX, we extracta projectivetransformationthatupgradesprojec-

tion matricesandpoint coordinatesto metric. Thereis no uniquesolutionfor this, so

in practicewe chooseonethathasroughlyequalsingularvalues.Let X = � U� UT be

thesingularvaluedecompositionof X. SinceX is of rank3, the4-th singularvalueis

zero. Let � 0 beobtainedby replacingthatzerowith e.g. the largestsingularvaluein

� , we obtaintheprojectiveupgradetransformationneeded:

T = U
p

� 0:

Extracting extrinsic parametersfrom the upgradedprojection matricesis then

straightforward— it basicallyrequires�tting of orthonormalmatricesto general3 � 3

matrices[19]. More detailsaregiven in x4.4. The resultis optimizedvia bundlead-

justment. An alternative to the describedapproachwould be to usethe coplanarity

informationalreadyavailable,like [1, 24, 42, 45, 46].

In the following paragraph,we just give a few numericaldetails. In orderto im-

prove the conditionof the linear equationsystem,we transformthe matricesM i as

follows. First, we assumethat imagesarenormalizedusinge.g. [15]. Second,we

make useof the freechoicefor thebasisof theprojective reconstruction,by comput-

ing a projective transformation,thathopefully leadsto betterconditioning. A simple

methodto do that is asfollows. We stackthe M i in a matrix M of size3n � 4, and

computeits singularvaluedecomposition:

M = A�B T :

From A, we extract sub-matricesreplacingthe M i in the linear equations:A is or-

thonormal,sothelinearequationsaremorelikely to bewell conditioned.Theproduct

�B T representsthe projective transformationcorrespondingto the mappingbetween

theoriginal andthe transformedM i (naturally, the3D pointshave to be transformed
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accordingly).Usingthisnormalization,weobtainedmuchmoreaccurateinitial values

andactuallypreventedthebundleadjustmentto fall in a local minimumit got trapped

in otherwise,in onecase.

4.2 Structure Parameterization

In this section,we adaptthe projective structureparameterizationof x3.1 to the Eu-

clideancase. In this case,planesare modeledas homogeneous4-vectors,whereas

pointscanbewrittenasinhomogeneous3-vectors.

The planeparameterizationhasbeendescribedin x3.1.2andmappedcoordinates

(cf. x3.1.4)wereusedto reachtheminimality. Thepointparameterizationundermulti-

coplanarityconstraintsof x3.1.3for theprojective casecanbeusedeitherdirectly or

adaptedto take full advantageof theEuclideanstructure.We successively specialize

thedifferentcases.

Unconstrainedpoints. As saidabove,pointscanbeparameterizedusinginhomoge-

neous3-vectors,which is minimal in this case.

Single-coplanarpoints. Let X bea point lying on a plane� . As for theprojective

case,we want to changethe reconstructionbasissuchas to �x an elementof X to

a constantvalue. In the Euclideancase,we have X T � ( �X T j 1) in the homoge-

neousform, so that the4-th elementis already�x ed. Consequently, we mustchoose

a transformationthat preservesthis elementwhile �xing anotherone. This classof

transformationis Hj
� wherej 2 f 1 : : : 3g. The practicalalgorithmfor parameteriz-

ing/unparameterizingsuchapoint in theEuclideancaseis similar to thatof table1 but

usingtheconstraintj 2 f 1 : : : 3g for thechoiceof j .

Multi-coplanar points. We follow the samereasoningas in the previous case. A

point lying on two planesis thenparameterizedby a scalaranddoesnothaveparame-

tersin thethreeplanescase.Thepracticalalgorithmsarethenidenticalto theprojective

case,providedachoicefor theindicesj andj 0 in f 1 : : : 3g for thetwo planescase.
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4.3 Motion Parameterization

For motionparameterizationin theEuclideancase,wesupposethateachcamerahasz

unknown intrinsicparameters,wherez 2 f 1 : : : 5g.

One view. We choosethereconstructionbasissuchthatP � K( I j 0) whereK is

thecalibrationmatrix,containingtheintrinsicparameters.Wehavethereforez degrees

of freedomfor this �rst camera.

Two or more views. The Euclideanbasishasbeen�x ed by the �rst view up to a

globalscalefactor. Wethenhavetocompletelyparameterizetheothercameramatrices.

Suchanadditionalcamerais writtenasP0 � K0( R j t ). Makingthesameassumption

on theintrinsicparametersthanfor the�rst view, this leavesz + 6 degreesof freedom

for eachview, its internalparametersandthe6 parametersfor the rotationR andthe

translationt . Theseentitiesareminimally parameterized,asdescribedin e.g.[2].

4.4 Maximum Lik elihoodEstimator

Themaximumlikelihoodestimatorin themetriccaseis verysimilar to thatof thepro-

jective caseasthecostfunctionis thesame.Theintrinsic parametersfor eachcamera

have beenrecoveredpreviously, seex4.1. In orderto initialize our parameterization,

we still needto extract therelative poseof eachcamera,i.e. factorizeeachprojection

matrix P � ( �P j p) underthe form P = 1
� K( R j t ) where� is anunknown scale

factor. Let us de�ne S = K� 1 �P. We �rst estimatethe scalefactoras� = 3
p

det S.

Thetranslationcanthenbeobtainedby t = � K � 1p. In thenoise-freecase,� S is an

orthonormalmatrix, but in practiceit is not andwe choosetheclosestrotationmatrix

in the senseof theFrobeniusnorm. This canbe doneusinga singularvaluedecom-

positionof � S anda recompositionwherethematrix of singularvalues� is omitted:

R = UVT where� S = U�V T . Oncethis initialization hasbeendone,non-linear

optimizationof the cost function C (cf. x3.3) canbe launchedusingthe Levenberg-

Marquardtalgorithm[13] with analyticdifferentiation.
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5 Experimental ResultsUsingSimulatedData

In this section,we compareour methodto existing ones,notablyto thatconsistingin

individually reconstructingeachpoint andto thatusingapproximatemulti-coplanarity

constraints.We performthis comparisonfor thestructureresults,thenfor themotion

results.

The testbenchconsistsof a cubeof onemeterside lengthobserved by a setof

cameras.Pointsaregeneratedon thecube,possiblyoffsetfrom theirplanesin orderto

simulatenon-perfectcoplanarityandprojectedontotheimages,wherecenteredGaus-

siannoiseis added.The default parametersof this simulationarethe following. Up

to 50, 10 and1 pointsaregeneratedon respectively eachface,edgeandvertex of the

cube.Two cameraswith a focal lengthof 1000(expressedin numberof pixels)anda

1 meterbaselinearesituatedat a distanceof 10 metersfrom the cube. The standard

deviationof imagenoiseis up to 3.0pixels.Theintrinsic parametersarenot supposed

to beknown whichyieldsprojectivereconstructions.

In thesequel,we vary independentlyeachof theseparametersto comparethedif-

ferentapproachesundervariousconditions,especiallywe want to determinehow the

constrainedmethodsbehavewhentheobservedsurfacesareonlyapproximatelyplanar.

We measurethe quality of reconstructionsusingthe 3D residualof its Euclidean

distanceto thegroundtruth scenestructureX : E =
q

1
m

P m
j =1 d2(HX j ; X j ), where

H is a 3D homography(mappingtheprojective to theEuclideanstructure)estimated

usingnon-linearminimizationof E . We measurethemedianvalueover100trials.

Theestimatorscomparedare:

� Po-ML: optimal structureandmotion obtainedin a bundleadjustmentmanner

[44] without geometricconstraints;

� Pl-wt: (wt standsfor weights)similarto Po-ML but usesheavily weighted(260 �

1020) additionalequationsto approximatemulti-coplanarity[26, 39];

� Pl-ML: usesthe parameterizationdescribedin this paperto explicitly model

multi-coplanarity;
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� Pl-h: (h standsfor homography)usesmethodPo-ML describedabove with as

inputpointcorrespondencescorrectedby maximumlikelihoodestimationof ho-

mographies.This methodis describedin moredetailbelow. Note that it works

only with two imagesandwith thesingle-coplanarityconstraint.

The last methodevaluatedrelieson a simplehomography-basedpoint correction. A

planeobservedby two camerasinducesanhomography. This homographyrelatesthe

projectionsof the points lying on the plane. The family of suchhomographiesis 3-

dimensional,provided that the epipolargeometryis known (this is linked to the fact

that a planehas3 degreesof freedom). In the calibratedcase,they dependuponthe

relative posebetweenthe two camerasandon their intrinsic parameters.If all these

consistency constraintsareignored,andif the piecewise planarstructureandmotion

problemis consideredonly for two views andwith single-coplanarityconstraints,one

candeviseasimpleprocessto incorporatetheknownledgeof coplanarityin astandard

unconstrainedreconstructionmethod.Indeed,onecanestimateindependentlyeachho-

mographycorrespondingto eachcoplanargroupof pointsandcorrectthemsothatthey

perfectlycorrespondthroughthehomography. A standardstructureandmotionalgo-

rithm canthenbelaunchedwith asinput thecorrectedpoints.This is whatPl-h does.

Obviously, this processis suboptimalsincemostconsistency constraintshavebeenig-

nored,andsincethe �nal reconstructionis only approximatelyplanar. Extendingthe

ideato multi-view andmulti-coplanarityconstraints,by enforcingall the underlying

consistency constraintswould yield thesameresultasour estimator, up to theconver-

genceof theunderlyingnon-linearoptimizers.However, thealgebraicstructurewould

be more complicatedsincemore consistency constraintshave to be imposedin the

imagesthanin the3D space.

Let usdescribethedifferentexperimentalsituationswhenvaryingasceneparame-

terandthesimulationresultswehaveobtained.

Added imagenoise,�gur e1a: thestandarddeviationof addedimagenoiseis varied

from 0 to 3 pixels;

Baseline,�gur e1b: thebaselineis variedbetween0.1and1 meter;
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Number of points, �gur e1c: thenumberof pointsis respectively equalto 50� , 10�

and1 for eachface,edgeandvertex of thecube,where� variesfrom 0.1to 1;

Number of views,�gur e1d: thenumberof viewsvariesfrom 2 to 10. Thedifferent

camerasaresituatedsuchthat the baselinebetweentwo consecutive onesis 1

meter;

Distancescene/cameras,�gur e1e: the distancebetweenthe cubeandthe cameras

is variedbetween10and20meters.

In all thesecases,themethodPo-ML basedonly on individualpoint reconstruction

givesresultsof a quality lower thanmethodsPl- modelingalsoplanes(the residual

is at leasttwice aslow). ThemethodPl-ML performsslightly betterthanPl-wt in all

cases.Finally, methodPl-h givesresultsslightly worsethanPl-wt, but muchbetter

thanPo-ML.

Oneaspectnot shown on thegraphsof �gure 1, dueto theuseof a medianvalue

over a large numberof trials, is that methodsPo-ML andPl-wt have a percentageof

convergencelower thanPl-ML andPl-h, especiallyfor unstablecon�gurations(large

imagenoise,smallbaseline,high distancescene/camerasetc.). For example,theper-

centageof convergentestimationsover1000trials is 95.2%,89.1%,97.5%and97.3%

for Po-ML, Pl-wt, Pl-ML and Pl-h respectively, for a distancescene/camerasof 20

metersanda 0.1meterbaseline.

Planeun�atness, �gur e1f: 3D pointsareoffset from theplanesthey lie on by dis-

tancesdrawn from a normaldistribution with standarddeviation between0 and

0.1meters.

We observe that thereis a thresholdon the planeun�atnesswheremethodsPl-

usingthe knowledgeof planesbegin to performworsethanmethodPo-ML. It is in-

terestingto de�ne thebreakdownratio, denotedby " , asthe ratio betweentheextent

of 3D noiseandplanesurfacearea,assumingthat thesceneis seencompletelyin all

views. In thecaseof �gure 1f, "=6%,recallingthateachplaneof thecubeis 1 square

meter. Thevalueof " dependsonall sceneparameters.
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Figure 1: Comparisonof the 3D residualsfor differentapproachesversusdifferent

sceneparameters.NotethatmethodPl-h is not visible on (d) sinceit workswith two

viewsonly.
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n=2 3m. 10m. 20m.

1 pixel 0.5% 2% 4%

3 pixels 2% 6% 9%

n=10 3m. 10m. 20m.

1 pixel 0.3% 1.2% 3%

3 pixels 1.3% 4% 8%

Table5: Breakdown ratio " for differentscenecon�gurations(imagenoise,numberof

views,distancescene/cameras).

Table5 showsvaluesof " establishedexperimentallyfor varioussceneparameters.

We observe that the lessstablethe con�guration is the higheris " , i.e. the moreim-

portantis the incorporationof multi-coplanarityconstraints,even if the sceneis not

perfectlypiecewiseplanar.

Thevaluesof oneor severalpercentin table5 representrelatively largevariations

which aresuperiorto thoseof a greatmajority of approximatelyplanarrealsurfaces.

Consequently, we cansaythat therearemany caseswhena methodusingpiecewise

planaritywill performbetterthanany methodbasedonindividualpoint reconstruction.

Similar resultswith otherpoint- andplane-basedmethodshave beenobtainedin

[4]. We have alsoperformedsimilar experimentsin the calibratedcase,i.e. the re-

constructionsobtainedareEuclidean,andwe observed that this doesnot changethe

resultssigni�cantly. Thiscanbeexplainedby thefactthattheoptimizationcriterionis

image-based,andso invariantto projective transformation(suchastheupgradefrom

projectiveto metricspace).

Comparing the motion estimates. We comparethe resultson the motion param-

etersprovided by the different methods. We use the sameexperimentalsetupas

previously. The quality of the estimatedmotion is measuredas follow. We ex-

tract the n projectioncentersCi of the estimatedcameramatricesandcomputethe

3D residualof their Euclideandistancesto the ground-truthprojectioncentersC i :

Emotion =
q

1
n

P n
i =1 d2(HC i ; C i ). The3D homographyH is estimatedasin thepre-

vious case,usingnon-linearminimizationof E , i.e. usingestimatedto ground-truth

point correspondences(estimatingit with correspondingcentersof projectionwould

behighly sensitive to noise,dueto the low numberof data).We measurethemedian
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valueof Emotion over100trials.

Let usdescribethedifferentexperimentalsituationsandresultsobtained.

Added imagenoise,�gur e2a: thestandarddeviation of addedimagenoiseis varied

from 0 to 3 pixels;

Number of views,�gur e2b: the numberof views is variedfrom 2 to 10, a 3 pixels

standarddeviationnoiseis added.

0 0.5 1 1.5 2 2.5 3
0

0.005

0.01

0.015

0.02

0.025

0.03

Noise standard deviation (pixels)

3D
 r

es
id

ua
l (

m
et

er
s)

PSfragreplacements

Po-ML

Pl-wt
Pl-ML

Pl-h

2 3 4 5 6 7 8 9 10
0

0.005

0.01

0.015

0.02

0.025

Number of views
3D

 r
es

id
ua

l (
m

et
er

s)
PSfragreplacements

Po-ML
Pl-wt
Pl-ML

Pl-h

(a) (b)

Figure2: Comparisonof the3D residualsfor themotionfor differentapproachesver-

susdifferentsceneparameters.Note that methodPl-h is not visible on (b) sinceit

workswith two viewsonly.

As alreadyobserved for the resultson the structure,the methodPo-ML that do

not usecoplanarityinformationperformsworsethanthe others. The methodPl-ML

performsbetterthanPl-wt andthemethodPl-h performsworsethanPl-wt. Weobserve

that the gapbetweenplane-basedmethodsPl- andthe point-basedmethodPo-ML is

reducedcomparedto theerrorestimatedon thestructure.In all cases,wealsoobserve

that the error measureobtainedis worse than for the structure. This is due to the

factthat thehomographymappingthereconstructionresultto theground-truthdatais

estimatedby minimizing thecriterionE, basedon thestructureonly.
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space approach step rep.error(pixels) # iterations

projective

unconstrained
init. 3.86 -

MLE 1.07 7

constrained
init. 1.90 -

MLE 1.20 3

metric

unconstrained MLE 2.69 6

constrained
init. 3.86 -

MLE 1.43 9

Table6: Reprojectionerrors(pixel) andnumberof iterationsof non-linearoptimizers

at variousstagesof thereconstructionprocess.MLE standsfor MaximumLikelihood

Estimator.

6 ResultsUsingReal Images

In this section,we presentthereconstructionresultsobtainedusingtheimagesshown

in �gure 3. Similarresultshavebeenobtainedwith otherimages(see[5]). Wedescribe

thedifferentstepsfollowedto performa completereconstruction,from the imagesto

the3D texturedmodel.Table6 showsthereprojectionerrorsobtainedatvariousstages

of theprocess.

Figure3: Imagesusedto validatethemethod.

Structur e and motion initialization. This has beenobtainedusing image point

matchesgiven manually. We perform a partial reconstructionfrom two imagesus-

ing themethod[15, 16] andincrementallyaddtheotherimagesto obtainthecomplete

structureandmotion. We thenrun a bundleadjustmentto minimize the reprojection

errorandto obtainthemaximumlikelihoodestimatefor anunconstrainedstructure.
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Multi-coplanarity constraints. These relationships are established semi-

automaticallyusing plane homographies. The user provides three image points

matchedin at leastoneotherview to obtaina �rst guessfor theplane.Theotherpoints

lying on this planearethenautomaticallydetected.The usermay interactto correct

badlyclusteredpointsandaddpointsvisible in only oneview.

Constrained re�nement of structur e and motion. From the previous data, the

structureis parameterizedas describedin x3 and the maximumlikelihood estimate

for constrainedstructureandmotionof x3.3 is computed.Accordingto table4, points

visible in only oneview andconstrainedto lie on two or moreplanesarereconstructed

andinvolvedin theoptimizationprocess.

Structur ecompletion. Pointsappearingin only oneview andlying ononeplaneare

thenreconstructed.Thestructureis completein thesensethatno morepointswill be

furtheradded.Figure5 showsstructurereprojectiononanoriginal image.

Calibration. The metric structureis obtainedvia the self-calibrationprocessde-

scribedin x4.1 and the reprojectionerror is minimized while enforcing the multi-

coplanarityconstraintsas indicatedin x4.4. Figure 4 shows different views of the

recoveredstructureandthepositioningof thecamerasand�gure 5 thereprojectionof

the model in two original images.For the intrinsic parametersof eachcamera,only

thefocal lengthsareinvolved. It appearsthatalsoincludingprincipalpointsdoesnot

changesigni�cantly theresults.

Texture maps. Thetexturemappingrequirestheuserto provide a polygonaldelin-

eationfor eachplanarfacetin oneof the images.Thetexturemapsarethenextracted

andperspectively correctedusingcalibratedprojectionmatricesandbicubicinterpola-

tion. Figure6 showsdifferentviewsof therecoveredtexturedmodel.

Quality assessment. We haveperformedseveralmeasureson themetricreconstruc-

tion “before” and “after” the constrainedoptimization process(i.e. re�ecting the

changeswhenusingthe methoddescribedin this paper). Two kinds of quantityare
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Figure4: Recoveredmetric structureandmotion. The structureis shown asa setof

planarpolygonswhile thedifferentcameras(themotion)arerepresentedby pyramids.

The heightof a pyramid is proportionalto the recoveredfocal lengthof the camera.

The bottom-rightimageshows a renderingfrom above thepoint of view of the right

imageof �gure 5.

Figure5: Reprojectionof the recoveredmodelonto theoriginal images.Thecrosses

indicatethepositionof thereprojectedpoint features.
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Figure6: Differentviews of the texturedmodel. Note thatartefactsmay be induced

by possiblyunmodelednon-planarpartsof the surfaces,e.g. the pole bulging out of

the roof in the top-right imageis wrongly mappedto the roof plane,andis therefore

distortedin otherviews,e.g.thetop-left one.
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� 1 � 2 �

before 0.0489 0.0254 0.1032

after 0.0102 0.0168 0.0720

Table 7: Metric measureson the Euclideanreconstruction“before” and “after” the

constrainedoptimization.The lower � 1, � 2 and� (seetext) are,thebetterthe recon-

structionis.

signi�cant: lengthratiosandangles.Table7 showsmeasuresof suchquantities.In this

table,� 1 and� 2 arethevariancesof thelengthof respectively theheightandwidth of

thelargestwindowsonthetwo walls,whereas� is themeanof 1� 2� i =� where� i are

themeasuresof right angles.Thevaluesgiven in table7 show that themetric recon-

structionobtainedwith ourmethodis clearlyof superiorquality thantheunconstrained

one.

7 Conclusions

We have presentedan hybrid approachthat draws on the strengthsof both the tradi-

tional feature-andprimitive-basedapproaches,i.e. thereconstructionis accurateand

the recoveredmodelallows to producephotorealisticrendering. More precisely, we

focuson thecaseof pointsandplanesrelatedby multi-coplanarityconstraintsandon

thedesignof aconstrainedstructureandmotionmaximumlikelihoodestimatorin both

theprojectiveandthemetriccases.Thismaximumlikelihoodestimatorusesaminimal

parameterizationof scenestructure,enforcingunderlyinggeometricconstraintsanda

quasi-minimalparameterizationof motion.

Experimentalresultson simulateddatashow that the quality of the reconstruc-

tion obtainedwith our methodis clearlysuperiorto thoseof traditionalfeature-based

methods,in a largevarietyof experimentalcon�gurations,andfor bothstructureand

motion.Wealsoconsiderthecasewhensurfacesareonlyapproximatelyplanarandex-

perimentallydeterminedbreakpointsof planeun�atnessabovewhichtheincorporation

of multi-coplanarityconstraintsmakestheestimationlessreliable.
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The methodis validatedusingreal images. The resultsareconvincing, in terms

of both renderingquality andaccuracy of metric valuescomparedto a feature-based

method.

The implementationof our methodscomprisesmodulesfor unconstrainedprojec-

tive reconstruction(“linear” onesandbundleadjustment),constrainedprojective re-

construction(initializationandoptimization),self-calibration(“linear” methodandop-

timization),aswell asconstrainedEuclideanreconstruction(initialization andbundle

adjustment).
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